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Abstract

Given the importance of the fixed point principle in many fields through the
modeling of various physical, biological and technical phenomena, it has attracted
great interest, particularly in the study of the existence and uniqueness of solutions
on unbounded intervals.

In this work, we use the Banach contraction principle to study the existence and
uniqueness of a fractional differential equation of fractional orders in weighted Banach
space, using the formula for variation of constants formula and a few analytical skills.
The effectiveness of the method used and the results obtained are illustrated by an

example.

Key Words: Fractional differential equation; Caputo derivative; Banach con-

traction; variation of constants; existence; uniqueness.



Résumé

Compte tenu de 'importance du principe du point fixe dans de nombreux do-
maines a travers la modélisation de divers phénomeénes physiques, biologiques et
techniques, il a suscité un grand intérét, en particulier dans I’étude de 'existence et
de I'unicité des solutions sur des intervalles non bornés.

Dans ce travail, a travers la formule de variation des constantes et quelques com-
pétences analytiques, nous utilisons le principe de contraction de Banach pour étudier
I’existence et 'unicité d’une équation différentielle fractionnaire d’ordre fractionnaire
dans un espace de Banach pondéré. L’efficacité de la méthode utilisée et les résultats

obtenus sont illustrés par un exemple.

Mots clés : Equation différentielle fractionnaire; dérivée de Caputo; contraction

de Banach; variation des constantes; existence; unicité.
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Notation

N : Set of positive integer numbers.

N*: N — {0}.

R : Set of real numbers.

R* : Set of non negative real numbers.

R™ : Vector space of dimension n constructed over the field of real numbers.
C : Set of complex numbers .

(Cla,b],R) : Space of continuous function from [a, b] into R.

LP([a,b]) : Space of integrable function on [a, b].

BCla, b] : Space of absolutely continuous functions on [a, b].

|| - Norm.

I' () : Euler’s gamma function.

B («, ) : Beta function.

1% : Riemann-Liouville fractional integral.

D® : Riemann-Liouville fractional derivative.

D> . Caputo fractional derivative.

(E,T,m) : Measure space.

11



1. Introduction

1 Introduction

Fractional calculus is a non-traditional branch of mathematics. The goal of fractional
calculus is to generalize the traditional definition of a fraction. The integer derivative
of a function has a derivative of the non-integer order. The earliest known reference to
this concept dates back to september 30, 1695, when Gottfried Wilhelm Leibniz,
in a famous correspondence with L’Hopital, raised the question of the derivative of
order % Though considered paradoxical at the time, this idea gradually opened the

door to profound mathematical developments.

During the 18th century, notable contributions came from mathematicians such
as Euler (1730) and Lagrange (1772), followed in the 19th century by Laplace
(1812) and Legendre (1817). In 1847, Riemann and Liouville provided the first
rigorous definition of fractional integration. A significant breakthrough came later
with the introduction of Caputo’s derivative (1967), which gained popularity
due to its effectiveness in modeling physical phenomena. Other major contributors
include Griinwald (1867), Hardy (1927), and Marcel Riesz (1974), who en-
riched the theoretical foundations and practical uses of this field. (See [3] [5] [11] [12]
[13] [15] [16]).

The motivation behind fractional calculus arose from the need to describe complex
systems with memory effects and non-local dynamics, which classical calculus could
not accurately capture. Fractional calculus has proven its importance in various

scientific and applied domains, including :
Physics: for modeling anomalous diffusion in porous media.

Electrical engineering: in designing fractional filters with precise frequency

responses.
Biology: for simulating the spread of chronic diseases.
Economics: to analyze markets exhibiting nonlinear and chaotic behavior.

This diversity of applications highlights the theoretical depth and representational
power of fractional calculus, positioning it as a promising and expanding field in
modern mathematics. (See [15] [4] [13] [11] [19]).

12



Organization of manuscripts :

This document is divided into three chapters, as follows:

- The first chapter : We present the necessary preliminary concepts and some
definitions and theorems as well as some special functions with their properties
(Euler’s Gamma and Beta functions). that we used in this memoir.

- The second chapter provides a theoretical basis for the necessary fractional
calculus. The basic concepts and main properties of order operators are listed.

- The subject of the third chapter is the study of the existence and uniqueness

of solutions for the following nonlinear hyperbolic fractional differential equation :

(1)

Where 1 < a <2, up,u; € R, Ry =[0,400), f: Ry x R — R is a continuous

{CD"‘u(t) = f(t,u(t)). t >0,
u(0) = up, w'(0) = uy,

function, D is the right side Caputo fractional derivative. We present a result for
the existence of a solution to a fractional differential equation. We first transform
the equation (1) into an ordinary differential equation of first-order, then we use
the means of the variation of constants formula, we obtain the equivalent integral
equations of (1). After that, we prove the existence and uniqueness by using the

Banach fixed point theorem.

Equation (1) - ODE — integral equation.

13



CHAPTER 1

Preliminary

In this chapter, we introduce some concepts and definitions that we will use in the
following chapters .
1 Some definitions

Definition 1.1 (Norm) [8] Let E be a real or complex vector space. A norm on

E is an application, most often denoted by ||.|| :
1|+ B — Ry = [0, +00];
having the following three properties :

1. ||z|| > 0 for allx € E and ||z|| =0 <=z = 0.
2. || z|| = [A| ||z]| Vx € E VYA € k (homogeneity ).
3. Nz +yll < |zl + ly||.Vz,y € E (triangular inequality).

We then say that (E.||.||) is a normed vector space .

14



2. Used spaces

Definition 1.2 (Linear operator) [9] A linear operator (or more simply an opera-
tor)is a function between two vector spaces which is linear on its domain of definition.
If it satisfies :

Va,B € k;Vr,y € E . Alax + By) = aA(z) + BA(y).

Definition 1.3 (Compact operator) Let D C ET. An operatorF : D — E is
said to be compact if for every bounded set

S C D, F(S) is relatively compact. Moreover, F' is completely continuous if it is

continuous and compact.

Definition 1.4 (Lipschitzian application) Let I be an interval of R, f: 1 — R
and k € Ry. We say that f is lipschitzian with ratio k if we have :

[f(x) = f(y)| < kle =yl

The function is said to be contracting if we can choose k < 1 i.e. if k €]0,1].

Definition 1.5 (Equicontinuous set) [2] Let A be a subset of C(J, R), the set A
is equicontinuous i.e. for all ¢ > 0, there exist § > 0 such that : |hy — hs| < § =
I|f(h1) — f(ha)|| <e forall hi,ha € Jand all f € A .

2 Used spaces

Definition 2.1 (LPspace) [13] Let (E,T,m) be a measured space, 1 < p < 400

and [ be defined function from E to R, measurable.

1. We say that f € LP =15 (E,T,m) if [|f[Pdm < 400, we then set :

11l = (/|f|pdm)’l’.

15



2. Used spaces

2. We say that f ¢ 1P =15 (E,T,m) if [|f[Pdm = +oco, and we than set |||, =
+o00 .

Definition 2.2 (Spaces of continuos functions) [10] Let X be a metric space
andk = {R or C}. Let C (X, R) denote the space of continuous of X with value in
k.

C(X,R)={f:X — Kk, continuous} and || f|| = sup,e | f(x)].
Then (C (X, R),||-||s) is Banach space.

Definition 2.3 (Metric space) [20] Let X be a site. A metric or distance is any
function :
d: X x X — R"={z €R|z >0}.

Such that, for all x,y,z € X, the following properties hold :

(Dy) d(z,y) =0 ==z =y.

(Do) d(z,y) = d(y,x)  (symmetry).

(Ds) d(z,2) <d(xz,y)+d(y,z) (triangle inequality).

The pair (X, d) is called a metric space .

Definition 2.4 (Complete space) [8] A normed space is said to be complete if

every Cauchy sequence is convergent.

Definition 2.5 (Banach space) [17] A Banach space is any complete normed
vector space over the field k =R Or C.

16



3. Basic tools

3 Basic tools

3.1 Special functions used in fractional calculus
Gamma function and its property :

Definition 3.1 [7] For a € C such that Re () > 0. Denoted as I' (z) we define for

complex numbers with positive part as :

+oo
F):a— / e 't
0

1 2 3

Argument of the Gamma function

Representative curve of Gamma function

Lemma 3.1 (Convergence and continuity of the Gamma function) This in-
tegral converges for Re(z) > 0 and extends the factorial function beyond integers
absolutely on the complex half-plane where the real part is strictly positive. By inte-

grating by parts, we can see that :
F'(a+1)=al'(a) , Re(a>0) .

In particular :
'a+1)=n,VneN T(a+1).

While the integral definition is valid only for Re(z) > 0, the Gamma function

17



3. Basic tools

admits an analytic continuation to the complex plane, except for some values where
it 1s not defined.

Proposition 3.1 [}/ The Gamma function has an important property :

1. Recurrence relation :
I'(z+1)=2I(2) .

Hence :

['(z)=2z! forzeN.

2. Reflection formula (relating negative and positive values) :

T(z)T(1—2) =

sin (wz)
3. Special values :

r(%) =ym, [(1)=1,T(0,) = +oo.

4. Extension to negative arguments :

_ T+n+1)
Sz 1. (z+n)

for—(n+1) <z < —n,neN".

Example 3.1 FEaxpress the following integral in terms of the Gamma function :

Ji 1
/a:g exp <—§x) dx .
0

18



3. Basic tools

This is accomplished, by changing variables : t = %x, as follows :

7:& exp (—%x) do — 7(%)

[e o]

1
— 2/t2 1exp t
— 212F<—>.
2

Where in the last step we have just used the definition of Gamma function.

l\)\@

p(—t)2dt

Example 3.2 1. T(—32) = 43/7.
2. T(~12) = —2/7.
3. T'(32) = 12/7.
4. T(52) = 34,/7.

Beta function and its property

Definition 3.2 [15] [14]

The beta function, also known as Euler’s integral of the first kind, is a special
function that plays an important role in mathematical analysis and has applications

in physics and statistics. It is defined as an integral over the interval [0, 1] as follows

1

B (zy) = /tx_l (1—t)Y""dt for z,y > 0.
0

19



3. Basic tools

10

0 0.5 1.0 15 2.0

Representative curve of Beta function

Proposition 3.2 [}/The beta function has an important property :

Symmetry property (commutativity) :

B(zy) =B (yx).

Recursive property :

Integration by parts for the beta function :

B(z+1y)+B(zy+1).

Special values of the beta function :

1 1
B(L1)=1:B(12) = 3:B(13) = :B(Lx)= .
i

N | —

20



3. Basic tools

Example 3.3 For example we have :
B(2,3) = [ t(t—1)%dt

(t —2t> + t%)dt

|
ROJ = O | O

Example 3.4 FEvaluate fol (1 — t)*dt. The above form can also be written as :
1
/t51 (1—t)*"dt.
0

Now, compare the above form with the standard beta function :

1

B(p,q) = /tpl (1—1)""dt.

0
So, we getp=>5andqg=14 .

Using the factorial form of beta function :

(p— D! (g — 1)!.

P =

We get :

B(p,q) = (41.3!)/8!
= (41.6)/8!
— 1/280 .

21



3. Basic tools

Therefore, the value of the given expression using beta function is 1/280 .

Relationship between the beta and Gamma functions

Proposition 3.3 The beta function is closely related to the gamma function through

the following formula :

_T'(m)T'(n)
Proof. Prove that : I'(m)T (n)

The definition of the Gamma function allows us to write :

I'(n) = z”/e”x”ldx : (1.1)
0

Or :

z

F oo
(:L) = /e_mx”_ldx. (1.2)
0

1

Multiplying both sides by e~ *2"~! in equation (1.1) and then integrating with respect

to z from z =0 to z = 0.
We get :

o0

F(n)/ezzmldz—/ezzml z”/e”x"ldx dz.
0 0

0

['(n)T (m) ://ez(1+m)zm+”“x"1dxdz.
00

22



4. Banach fixed point theorem

Since the integration limit is same, so changing the order of integration :

00 e

F(n)l'(m) = " e~ (Ha) ymantl g | dy
[l
_ /:C"l [ T'(n+m) }

/ _(1 + m)m+n

Or :
['(n) 4+ T'(m) [ o
I'(n+m) 0/ 14 z)™™" e
= f <m7 n)

u

3.2 Comparison between the Gamma and Beta functions

Here we have a comparison between the Gamma and Beta functions :

Feature

Gamma function (I' (2))

Beta function (B (z,y))

Definition

['(z) = [;7t7 e dt

B(ry) = [t (1) "dt

Number of variables

single variable z

two variables z and y

Domain | C except non positive integers Rt

Relation to factorial ['(n) =(n—1)! || no direct relation to factorial
i _ T@)I') —1i nln?

Interrelation B(zy) = e ﬂ% ['(2) =lim, FESN D)

4 Banach fixed point theorem

Fixed point theorems are extremely useful tools for solving differential equations.

Indeed, these theorems provide sufficient conditions for a given function to admit a

23




4. Banach fixed point theorem

fixed point, thus ensuring the existence and uniqueness of the solution to a given
problem by transforming it into a fixed point problem. In this section, we introduce
the fixed point theorems that we will use later .

Let J :=[0,7], T > 0. Let C(J;R) be the Banach space of continuous functions
defined from J into R, equipped with the norm :

||z|| = sup{l(t)], ¢ € J}.

Definition 4.1 Let f be a mapping from a set E into itself. A point u € E is called
a fixed point of f if :
fu) = u.

The Banach contraction principal, also known as the Banach fixed point theorem,
is a valuable tool in the theory of metric spaces. It guaranteness of fixed points of

some applications in metric spaces.

Theorem 4.1 ( Banach fized point theorem ) Let E be a complete metric space and

let f: E — E be a contraction mapping. Then f has unique fixed point.

Lemma 4.1 Let E be a Banach space and A : E — FE an operator. If A is a

contraction then A has a unique fixed point .

24



CHAPTER 2

Fractional calculus

1 Fractional integral over an interval [a, b]

Definition 1.1 [6] Let f : [a,b] — R be continuous function on the interval [a,b].
Let us denote by I'f the interval that vanishes at a. Fort € [a,b] :

(I;f) (t) = /f(T) dr.

For a second primitive and according to Fubini’s theorems we will have :

t

(2) (1) = / If (u)du

= /t(/uf(r) dr)du

25



2. Riemann-Lioville fractional integral

- /t(/uf(f)df)f(f)df

:b/@—ﬂfﬁﬁh

a

By repeating n times, we obtain the n'" primitive of the function f in the form :
¢
1 (n—1) .
=) C T @)dr >0, neNT

a

This formula is called Cauchy's formula, and since the generalization of the

factorial by Gamma function :

(n—1)!=T(n).

2 Riemann-Lioville fractional integral

Consider a function f such that f : [a,b] — R continuous and integrable. A primitive
(antiderivative) of f is given by : (I1f) (z) = [ f(t)dt. For a double integral we
will have :

(Laf) (@) = Lof (1.f(5)) ()



2. Riemann-Lioville fractional integral

e For the triple integral we will have :

x S

(I2f) (x) = / / /tf(f)df dt | ds

a
S

/<S—T)f(r)d7 ds

a

/(m — 1) f(7)dr.

I
\a s

1
2
e For the order n — 1. We will have :

T

ﬁ / (z— )" £ (#) dt.

a

(L2 f) (z) =

Definition 2.1 [/] Let :[a,b] — R be a continuous function. The following integral

is called the Riemann-Liouville integral of f:

T

(Lo f) (z) = ﬁ / (z —t)*" f(t)dt.

a

Where o is a real (or even complex ) number suitably chosen so that Re () > 0.

Lemma 2.1 Let a > 0. Assume that u € C" 1[0, 400). Then :

@) ,
(1 Dou)(t) = u(t) — S j'(())tﬂ. (2.1)
=0
Example 2.1 Let the function
f(z) = (z—a)’,



2. Riemann-Lioville fractional integral

such that > —1, u € [a,b] :

10f () = /

ITf(x) = / (t —a)’ dt.

By performing the change of variable : t = a+ 7 (x — a).
- Where : T =0 whent =a

Aft =1, whent =2

-dt = (r — a)drT.

then it becomes :

9z —a) = %/(m—a—i—(ﬂt—a)ﬂal((x—a)ﬁ ﬁ(x—a)d

OF,
= ﬁ/(w—a—i—(x—a)ﬂa 1(($—a)57'6(x—a>d7'
B ﬁ/(“‘”a Ya—n) T o —a)
z—a)*t’ / .
= ( F(o?) /(I—T)a Pdr
x_aa—i-ﬁ
= %B(a,ﬁle)

L T@rEEn
I'o)I'(a+p+1)

o 8 _ F(6+1) x_aa—i-ﬁ

Ia(‘I_G) - F(O[+6+1)( ) .

28



2. Riemann-Lioville fractional integral

Example 2.2 Let the function f (x) = 2 with 3 > 1 is given by :

I°f (a) = ﬁ / 1 (@ — ) dt.

a

By setting t = xu = dt = zdu.
Ift=r=u=%=1andift=0=u=0.

So the formula becames :

T

Iof (x) = ﬁ / (zu)? (z — zu)* " zdu.

a

Using the beta function, We find :

‘ -

12 (2%) = PPt (1 —w)* wdu

'1
=

‘ -

o\”_l O\H

2P (1 —w)* du

—
2

=

ot

1
— B . a—1
NE /u (1 —w)" "du
0

~—

1otB
= F(a)B(5+1’a)

F(ﬁ+1)F(a)xa+5
I'a+p8+1)
F(ﬁ—'—l) xa—l—ﬁ

Ma+p5+1) '

Thus :
us 1o (a,ﬁ) _ T(B+1) po+B
S T(a+B+1) '

29



2. Riemann-Lioville fractional integral

Theorem 2.1 [9] For a > 0, The Riemann-Liouville integral is linear :

LGS (0) + ng(t)) = MG F(8) + plig().

Proof.
12OV (8) + pg(t)
1 a—1
= g @O + g
]‘ f a—1 f a—1
- 7! / (2 — )" Af(r)dr + / (2 — 1) pug(r)dr]
= L wxm—TO‘_l T)dT B :Exm—ro‘_l T)dT
- F(C“)a/( P A7) +F(a>a/< " g(r)d
= MG f(z) + plgg().
[ |

Theorem 2.2 [15] Let a and 3 two complex numbers and f € C°[a,b]:

LI f) = 1577 f(Re(ar) > 0, Re(B) > 0 ) .

%Ig (t) = 1371 f(t), (Re(ar) > 0, Re() > 0).

Proof. 1. For the demonstration we use the beta function. Indeed :

(1) = ﬁ / (& — ) (I £ () dr

1

B x:c—ro‘*lL e )
- ”“M/( 1 [ =07

a
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2. Riemann-Lioville fractional integral

x s

=——  [(z=r)"Yr [ (r—¢)*! )
earg [ @ [0 o

a a

According to Dirichlet’s formula :

0(I8f) = % / (2 — ) f(t)dt

2. We have :

SU@) = o [ a0 o)

Since f (t) and (z — 1)* 'are continuous, the application : t — (z — ¢)*~1f(t)is
also continuous, and therefore integrable .

Proposition 2.1 [15] Let a be a complex number and f € C°([a,b]).

1 (Iof) () = [ (x).
2. Uaf) (@)= (1271 f) (2) ,Re(a) > 1.
3. lim (I8 f) (x) = f (z) ,Re(a) > 0.
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2. Riemann-Lioville fractional integral

Proof. 1.

So we have :

Q.|Q‘




2. Riemann-Lioville fractional integral

3. Let f € CY([a,b)]).

(1) () = 1

We can write :

(I°1) (z) = ﬁ / (z— )% x 1dt = é”z;f):) 1
So :
2) ()~ (D @) [0 = 102 (@) - 55 1) (22)

xT

()" ft)dt — / (z — 0 f(a)dt]

r<a>a/ ) J
1 -

< T / (= £ f(8) — f()|dt
1 -

- / ( — 0" | F(8) — f()dt +

xT

i [ @m0 R0 - )

T—7y

As f continues on [a,b), we write :
Va,t € la,b),Ye > 0,3y >0: |t —x| <v=|f(t) - f(2)] <e.

Which leads to :



2. Riemann-Lioville fractional integral

On the other hand :

/ (e — 0" () - fla)ldt < / (— 0L (F(8)] - ()t (2.4)
< Ezli%]ﬁ |/ )t dt, Yz € [a,b)

_ 2M(($‘“) —la) where M = sup |f(2)].

Q @ e€la,x]

Comparing between(2.2), (2.3) and (2.4) we find :

| (15 f) (x) =

According to the limit :

I 1020 0) - fr @) <
In other words :
I (20 (0) - s )] < et >
lim (I3f) (2) = f(@).
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3. Riemann-Liouville fractional derivative

3 Riemann-Liouville fractional derivative

The fractional derivative is a generalization of the classical derivative to non-integer
(fractional) orders. It extends the concept of differentiation beyond whole-number
derivatives, allowing differentiation of a function to any real or complex order. There
are several definitions of fractional derivatives, each with different properties and

applications.

Definition 3.1 [15] Let f be an integrable function onla, b], then the fractional deriv-

ative of order av(with n — 1 < o < n) in the sense of Riemann—Liouville is defined

by :

o = & / (t — 5" f(s)ds

T (n—a)d"
dn
= — " f(1)).
T0)
Definition 3.2 [22] The fractional derivative in the Riemann-Liouville sense leads
to initial conditions of fractional type that are difficult to explain physically.
e Right :
b
Vit <a:d DVf(t) = _ (_—d)” /(7’ — )" (T)dr.
ot F'(n—a) dt

t

f is a function such that " DY and BDP are defined .
at t b

o Left :

Vt>a B DYf(t) = ﬁ(%n) /(t — 7)o f () dr

(e}

The fractional derivatives of some functions in the Riemann-Liouville
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3. Riemann-Liouville fractional derivative

f(t) Dyf(t)(t>0,a€R)
J (t) Dirac %
2 r(Fv(flri)a) T (v > —1)
e M 7B 1o (ML)
cosh <\/ﬁ) t7Ey 1o (A?)
Siz\%? 0By s o (M)
O Ep (M) | 70 Eypa (M) (B> 0,10 > 0)

Example 3.1 Let f () = Inz. We compute its Riemann Liouville fractional deriv-
ative of order o, we have

« d" n—a
D()+ (l’) = %[04_

().

n—ao 1 f n—a—1
IO+ IHI = m/(l‘ — t) hltdt

0

Using integration by parts and properties of the beta function :

o 2" (Inr — ¥ (1 —a))
I % Inx = T(n—a)

Where

V)=

is the digamma. Differentiating n times :

Inl'(2).

o o= ™ (Inz — Y (1 —a))
or I'(l—a)

So the final result :

—Q

m(lnx—¢(1—a)).

o+ Inz =
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3. Riemann-Liouville fractional derivative

Example 3.2 Let

N[

f@)=vo=a2

We have Riemann Liouville fractional derivative formula :

o
Dgi f (z) = Ton Lo+ ().

I (p + 1> l.p-i-n-i-a‘

n—a,p _

S ey gy
Forp=3:
3
Ingal,p o F (5) x%—l—n—a
0 I'(2+n-a)
Using T’ (%) = %F (%) = % ™, we get
1
Jnoo i — 2 T 2 tn—a
or F(%—irn—@)xz

Using the standard derivative formula for power functions :

q _

d" L'(g+1) an
' = —X .
dxn C(g+1—n)

Applying this to the previous result :
WE TGta-a) g,
3 X 3 ‘
F3+n—a) T(5-0a)

1
86_'_’:62 =

So the final result :

Proposition 3.1 We have :
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3. Riemann-Liouville fractional derivative

RLD? ORL DCBL 3ARL Dg ORL Dg ?éRL Dg-ﬁ-ﬁ'

Forala#p3,a>0,5>0.

Theorem 3.1 [9] Let n—1 < a < n and if f (x) satisfies the conditions of Taylor’s

theorem :

— [P0
D* = — "
/(@) gf(k—anLl)x
Proof. Since satisfies the conditions of Taylor’s theorem, we can apply the Taylor

expression :

So:

Lemma 3.1 Let a >0 and f € L' [a,b], then :
DI f () = [ (x) .
Is true for almost for everywhere x € [a,b] .
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4. Caputo fractional derivative

4 Caputo fractional derivative

Definition 4.1 [22] From the fractional derivative with respect to Caputo which
includes the initial conditions of the function to be treated as well as its integer

derivatives.

e Right :

t

; _Tm—a—l (na) dr
o -,

a

Vt > DYF(E) =

o Left :

t

L m — )" BEL () dr
(1) /<r HymB L ()

t

Example 4.1 Let the function : f(z) = 2° for 0 <n —1 < a <n, we have :

“Df(x) = I""*(D"z").

np_ LB+D 5.,

L 7 e
F(ﬁ—i_l) B—n\ __ 6+1 naf B—n
lEGr1on" )*r(n—a) ﬁ+1—n0/ .

We make the change of variable : t = yx which implies : dt = xdy we then obtain

1 1
/(:c —tyrmer gy — /(:c — ay)" 0 N ay)? " ady
0 0
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4. Caputo fractional derivative

'Tnfafl(l . y)nfaflyﬁfnx,@fn+1dy

Iﬁ—a(l _ y)n—a—lyﬁ—ndy

1
_ / n aflyﬁfndy
0

= 2" °B(n—a,f—n+1)
(n

S O~ _

_ P JJTn=—a)T(B—n+1)
B rp—-—n+1)
Hence :
o I'(6+1) o) rp+1) F(n—a)lj(ﬁ—n%—l)xﬁfa
FB-—n+1) " T'(n—a)l(B+1—n) r@B—-n+1) '

And finally, we get :

Cna,.B _ F(6+1) B—a
bt —F(n—oz)F(ﬁ+1—n)x '

In particular, for f =0, we have :

“Dz° =“ D*1 = 0.
Unlike the Riemann-Liouville derivation, the fractional-order derivative in the

Caputo sense of a constant is zero.

Example 4.2 The Caputo fractional derivative of a constant, f(z) = C, is zero.

“DeC =0, VC eR.
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5. The relationship between the Caputo fractional derivative and the fractional
derivative with the Riemann-Liouville concept

Cpof(y) — 1 xx_ n—a-1 f(n)
D2 /(2 F<"—“>a/( e (1) d

1

- —F(n_&)/(:c—t)"_a_ x 0dt = 0.

a

5 The relationship between the Caputo fractional
derivative and the fractional derivative with the

Riemann-Liouville concept

n—1>a<n,neNx—a>0,feC"(a,b])

‘D f(t) =" Dy f(t) Z

k=0

(k)
r k+1—a)f “

Special cases :

1. If 0 < a < 1 then :
“Dgf(t) =" Dgf(t).f(e).

2. If f¥(a)=0,n=[a]+1 ,Vk=0so0:
"Dgf(t) = Dy f(1).
3. If this continues on the ground then :
DI () = f(1).

And from the Caputo fractional differentiation operator is the left opposite of

the Riemann-Liouville integrative operator of the same order, but it has no right
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5. The relationship between the Caputo fractional derivative and the fractional
derivative with the Riemann-Liouville concept

opposite.

Comparison of fractional derivatives (Riemann-Liouville and Caputo)

Property Riemann-Liouville fractional || Caputo fractional
Definition L] f (). [n=o 4 ().

Formula ﬁ [(z—t)*"" fat. ﬁ (z—t)" ! fqt,
Initial condition Fractional order. Integer order.
Application Mathematical contexts. Physical modeling.
Polynomial behavior | D5z™ # 0 for m > o. D¢ax™ = 0 for m < «.
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CHAPTER 3

Nonlinear fractional differential equation

In this chapter, we are intressted in the study of uniqueness and existence of un-
bounded solution for nonlinear differential equations of fractional orders in weighted

Banach space. Using Banach contraction principle (see [1] ).

1 Position of problem

Let the nonlinear fractional differential equation (F'DEj):

Du(t) = f(t,u(t)). t >0, (3.1)
u(0) = up, uw'(0) = uy, '
Where 1 < a < 2, ug, u; € R, Ry = [0,400), f: Ry x R — R is a continuous
function, D is the right side Caputo fractional derivative.
Now, we define the following Banach space which plays a fundamental role in our
work .

Let p: Ry — [1,400) be a strictly nondecreasing continuous function with

p(0) =1, p(0) — oo.
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1. Position of problem

Let
E = {u € C[0,+00) : sup|u(t)|/p(t) < co}.
>0

F is a Banach space endowed with the norm

t
hull = sup 401
>0 p(t)
Furthermore, let :

[lelle = max |e(s)].

For any ¢ > 0, any given ¢ € C(R,).

In the following Lemma, we transform the system (3.1) into an ordinary differ-

ential equation of first-order and with a fractional integral term.

Lemma 1.1 Lety € C[0,+00). Thenu € C[0,+00) is a solution of the initial value

problem of fractional differential equations

{CDau(t) =y(t) teR,1<a<2, (32)

u(0) = up, ' (0) = uy,

If and only if u is a solution of the initial value problem of first order ordinary

differential equations
u'(t) = IgT y(t) + ua,
u(0) = uy,

Proof. We prove that for any 0 < 3 < 1, if 0 € C[0,+00). Then (I°¢)(0) = 0. In

fact, we use the definition of Riemann Liouville fractional integral, since :

t

P = 57 [ (= 9" 0ls

Let v =t — s we differentiate dv = —ds .

Ifs=0—v=tandifs=¢t—v=0.

44



1. Position of problem

We have : (t) < |[¢]|;

o\“

(t—s)"lds = /vﬁ_ldv

We can conclude that :

8 _ b t L) ds
O] = i [ = v

0
|1

t? — 0 when t — 0
rp+1) o weR e

IN

Let u € C[0,+00) be a solution of the fractional problem (3.2).
For any ¢t € R,. The definition of Caputo derivative :

‘Du(t) = I"*u™(t)
¢
1

= — — )" 1™ (5)ds.
e A (5)d

0

Show that :

Du(t) = (D" D'u)(t) = y(t).

From (2.1), we have :
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1. Position of problem

Ia_lDa_lu/(t) —_ Ia—ly(t)

As 4/(0) = uywe get :

w(t) = u'(0)+ 1" y()
= ]a_ly(t)—l—ul.

Which mean that u is a solution of the problem (3.2).
Conversely, let v be a solution of the problem
‘D(t) = D 'u(t)u/(t)
‘D(t) = D'y Dy
= Iy
“Dout) = y(t)

Also, note that y € C[0,4+00). We have «/(0) = I*"'y(0) + u; = wy

Finally the problem(3.1) is equivalent to the problem

{u'(t) = ﬁ f(f(t —8)272f(s,u(s))ds + uy
u(0) = wp.

In the following Lemma, we transform the ordinary differential equation (3.3)

into an integral equation.
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1. Position of problem

Lemma 1.2 Let k € R satisfies that :

e ™ /p(t) € BO0, +00) N L'[0, +00) (3.4)

Then (3.3) is equivalent to the following integral equation :

t
—kt

t ot
1-— 1
u(t) = uge M4 l: U1+k:/e_k(t_7)u(7)d7+m//€_k(t_s)(8—7')a_2dsf(77U(T))dT'
0 7

0

Proof. We have :

{u’(t) = m fot(t —5)*72f(s,u(s))ds + uy
u(0) = g

It is clear that we can rewrite (3.3) as follow :

{u’(t) = —ku(t) + ku(t) + ﬁ Jo(t = 5)*72f(s,u(s))ds + ug (3.5)
u(0) = g

Or in other term :

{u’(t) + ku(t) = ku(t) + ku(t)u—l(—()@ fg(t —8)72f(s,u(s))ds + uy (36)

ODE homogeneous :

{u’(t) + ku(t) =0
u(0) = g

We can rewrite :

du
— = —k
dt !
du_ —kdt
u
Inu = —kt+c
u = upe ™ (u(0) = ¢ = uyp)
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1. Position of problem

We use the variation of constant formula :

And we have :

We substitute into the equation (3.6) :

(u'(t) — ku(t))e™ + k(u(t)e™) = k(u(t)e™ ) +

u' (e ™ — ku(t)e ™ + ke Mu(t) = ku(t)e ™ + )2 f (s, u(s

1
u'(t)e™ = ku(t)e ™ +

0

We use integration to get :

/ e M /ku e k4 / )2 f (s, u(s))ds]dt + uy
(v —1)
0
We have :
¢
/u'(t)e_kt = u(t)e™ —uge ™ = u(t)e " — uge

0

m/(t —8) 7 f(s,uls

2f(s,u(s))ds + uy

))ds +

))ds + uq



1. Position of problem

We get :

w(t)et — ugeH = k j u(s)e*eds + ﬁ /t ( / (s — 1) 2 f(r, u(r))drds

We add uge *:

ut)e™ = uge™ + k/ (s)e k8d8+ ['(a—1) //

0

Finally we get :

u(t)

+ue M / eMds

0
1— e—kt
—kt
+

k

t t

ity fee

0 7

Up€

¢
uy + K / eF=y(s)ds +
0

) 2dsf(r,u(r))dr.
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2. Existence and uniqueness results

On the other hand if :

& t t t

k ul—i-k/ek(tS)u(s)ds—i-ﬁ//ek(ts)(S—T)azdsf(T,u(T»d%

0 0 7

1
u(t) = uge F4-

holds we have u(0) = ug. This achieves the proof. m

2 Existence and uniqueness results

In this section, we will be interested in stadying the existence and uniqueness of fixed
point of operator A which represent the unique solution of system (3.1).
We define operator A: £ — FE by :

t t t

Ul‘l'k}/e_k(t_s)u(S)dS—Fﬁ//€_k(t_s)<8—7')a_2d8f(7',U(T))dT.

0 0 7

—kt

k

1 —
Au(t) = uge ¥+
(3.7)
For all t € Ry and k € R.

Theorem 2.1 Assume that hypothesis (3.4 )holds and

(H) There exists a constant t > 0 and a function ® : [0.00) — [0.00)so that if
|ul.|v] < 1then
(1)
[f(t,u) = ft,0)] < @(E)|u — . (3-8)

For allt € Ry and

(ii) There exists a constant ¢ € (0,1) which satisfies

oo t

]k’/e—mdt—i—sup/k(t_T)@(T)dT <e. (3.9)

p(t) 0 ) p(t =)
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2. Existence and uniqueness results

Where
L th e kt=s)(s — )2 2ds, t>71

k(t—T):{m

3.10
0, t<rT ( )

Then the system (3.1)admit a unique solution in Banach space E .

Proof. We show that A : F — FE is a contraction mapping. Indeed, let u,v € E,
t > 0 and due to (3.8), we have

Au(t)  Av(t)

pt) P(t)
’u ek 4 L=y 1k [T e (r)dr + oD I3 [fe =) (s — 7)o 2ds f(r, u(T))dr
N p(t)
e M 4 1=y ke [ e My (r)dr + oD [y [Le =9 (s — 7)e2ds f (7, u(r))dr
p(t)

okt

—kt 1—e
upe +———1u voe
We have : 0 k and

kt+1 e —kt

P t) “since they are constants, they vanish to

zero, so we have :

|Au(t) Av(t)

o0 o)
= t—e_k(t_T)dTUT—vT T tk(t_T) T,u(t)) — f(r,v(7T))|dT
- |k0/ ) <>]d\+0/ L) = £ o)l

~

[ e hET) [u(7) — v(7) k(t—7) _ Ju(r) = o(r)]
< |k|0/p(t—7') e d7+0/p(t_7)<1>(7) o) dr

u(t) — v(T) e k(t=7) u(t) — v(7) k(t—7)
= Ml ]0/ Syt [ S et
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2. Existence and uniqueness results

IN

4l e = ol /
e—k(t—T) T
< Hk'/p(t—T)deL/%@(T)dTmu_UH'

Taking into account (3.4) and (3.9). We get :

k:t
du+|\u—v||/ (7)dr

|| Au = Avl| < effu = v]].

So A is a contraction mapping from E into E. Hence, using the Banach contrac-
tion principle and from the last theorem, the operator A has a unique fixed point,
which represent the unique solution of system (3.1). m

Now, we present an illustrative example to support uniqueness and existence

results.

Example 2.1 Consider the following initial value problem of Caputo type fractional

differential equations

“DRur) = w(t)(Hegne
{ u(0) = xo;u/(0) = ug (3.11)

=1
Wherew(t):e2e+7,e>0a>—1 A > 1, k € R, tZO Suppose

0 < |k| < %5 and let p(t) = eV, clearly that (3.4) hold and [k| [, 25 < [ Then

we define the Banach space by :

Ey ={u(t) € C[0,+00) : sup |l;<;?| < o0}

t>0

Equipped with the norm ||u|| = supt>0 . Clearly
[f(tu) = f(t0)] < @(t)|u —v].
Where ®(t) = (1 + a)w(t) for all t > 0.
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2. Existence and uniqueness results

ds.

t
k(t— 1) 1 1 (s—7)2
eAt—7) - F(1/2) eO+E)(t—s)  pA(s—T)

T

1
t (s—7)" 2
f eA(s—T) ds

=7 [(1/2)
S
r(1/2)

Forallt > 0.
Moreover, if we choose ¢ > (1 + a)AY?w(\ + k) then for all ¢ > 0, we get :

t t
k(t—T) _ 12 =1 1
/ Cera@dr = (142 /€+T2d7.
0 0
t
= 1+« AV2eS ;_dr
( ) ;
1+ (re2)?
=1
te 2°

= (1+a)\"% 1/

0
(14 a)A\2etarctan(te™ )

< (1+Oé))\1/26_lg
< L
= 20k
k|
P m
< Ntk

Then there exists ¢ = )\‘i‘k + pTewen) < 1 which satisfies

>\+k)
||Au — Avl| < ¢|lu — v]|.
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2. Existence and uniqueness results

So the system(3.11) possesses a unique solution in E)follows from the last theorem
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Conclusion

This work aims to study nonlinear fractional differential equations on an un-
bounded domain, focusing on proving the existence and uniqueness of solutions.
The key to analyzing the problem was integrating the precise properties of fractional
derivatives particularly the Caputo derivative with functional analysis tools, such
as fixed-point theory, to build a mathematical framework that allows handling the

nature of the unbounded domain and the complexity of nonlinear behavior.
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