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                      ملخص                                                                                                                                      

ب شروط متغيرة مع شروط حدية من نوع نيومان نتناول في هدا العمل مشكل لابلاسيان                                  

                تطرقنا الى حل هدا النوع من المشاكل باستعمال نظرية كول و الحل الثاني بواسطة نظرية ايكيلاند                          

. 
     الكلمات المفتاحية  :p(x)لاباسييا   , الحد الأدنى العالمي,  نظرية الممر الجبلي , الحل الضعيف .                                           

 

  



R�esum�e

Dans ce m�emore, nous consid�erons un probl�eme aux limites pour l'operateur de

type p(x)-Laplacien sous des conditions aux limites non lin�eaires de Neumann.

L'objectif de ce travail est d�emontrer l'existence d'un minimum global de la fonc-

tionnelle l'energie d'Euler-Lagrange, et un minimum locale. En appliquant le principe

variationnelle d'Ekland et theor�eme du Col.

.

Mots cl�es : p(x)-Laplacien, solution faible, th�eoreme du col, minimum

global.

6



Abstract

In this paper we consider a boundary value problem for the p(x) {Laplacien

operator under nonlinear Neuman type boundray condition .

We establish the existence of a global minimum for the Euler-Lagrange energy.

A second weak solution is obtained by the mountain pass theorem.

.

Key Words : p(x) {Laplacien, weak solution, mountain pass theorem, global

minimum.
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1. Introduction

1 Introduction

The study of nonlinear ellptique equations involving quasilinear homogeneous

type operator like the p-Laplace operator is based on the theory of standard sobolev

spaces Wm;p(
) in order to �nd weak solutions. These spaces cansist of functions

that have weak derivatives and satisfy certain integrability conditions.

In the case of non homogeneaus p(:)-Laplace operator the natural setting for this

approach is the use of the variable exponent sobolev space the basic idea is to replace

the Lebesgue spaces Lp(
) by more generale spaces Lp(:)(
) called variable exponent

Lebesgue spaces.

If the role played by Lp(
) in the de�nition of the Sobolev spaces Wm;p(
) is

assigned instead to a variable Lebesgue spaces Lp(:)(
) the resulting space is denoted

by Wm;p(:)(
) and called a variable exponet sobolev space. Mony properties of

Sobolev spaces have been extended to Orlicz -Sobolev space. The spaces Lp(:)(
)

and Wm;p(:)(
) were thoroughly studied in [8] and [11]:

Variable Sobolev spaces have been used in the last decades to model variovs phe-

nomena as image restoration and a second magor application which uses nonomoge-

neous Laplace operator is related to the modelling of ellectrorheolo-gical 
uids.

In this paper, we are concerned with so-called p(x)-Laplacian problem with non-

linear Neuman type boundory condition of the forme :(
��p(x)u+ h(x) jujp(x)�2 u = �g(x) jujq(x)�2 u in 


j rujp(x)�2 @u
@v
= k(x) jujq(x)�2 u on @


Where p; q and s are continuoues variable exponents. The measurable functions

h and g are supposed positive in 
, the measurable function k is positive in @
 and

� is a real parameter.

The operator �p(x)u = div( j rujp(x)�2ru) is the so called p(x)- Laplacian oper-
ator and @

@v
is the outer unit derivative.
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1. Introduction

Many auther have studied the Neuman boondary value problem involing p(x)

-Laplacien such as.

In [2] the athour have studied the problem(
��p(x)u+ h(x) jujp(x)�2 u = f(x; u) in 


j rujp(x)�2 @u
@v
= g(x; u) on @


They establish the nonexistence, existence and multiplicity of positive solotions

using the sub-supersolution principle combined with a variational methode.

The author in [12] has investigated the following problem(
��p(x)u+ h(x) jujp(x)�2 u = �f(x; u) in 


j rujp(x)�2 @u
@v
= �g(x; u) on @
:

Using Mountain Pass theorem and Fountain theorem they prove theexis-tence of

in�nite many pairs of weak solutions.

In both works, the authors required a subcritical growth condition on the non-

linearaties. Speci�cally, it was assumed that

jf(x; t)j � c1 + c2 jtjq(x)�1 ;8x 2 
;8t 2 R;

jg(x; t)j � c1 + c2 jtjr(x)�1 ;8x 2 @
;8t 2 R;

With q(x) < p�(x) in 
 and r(x) < p@(x) in @
:

Though the critical point theory, the principale results of this paper are the

existence ot global and local minimums of the energy functional. Thus we are entitled

to say that our problem is case of the mentioned paper since we do not have to saddle

the nonlinearities with subcrirical condition.

The paper is organised as follows. In chapitre 1, we present some preliminary

results on Lebesgue and Sobolev variable exponent spaces. chapitre 2, contains the

statements. Finally, we give the proofs in chapitre 2.
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CHAPITRE 1

Prelimenairy and Notation

1 Lebesgue and Sbolev spaces

De�nition 1.1 Let X be a |-vector space. A function % : X ! [0;1] is called a
semimodular on X if the following properties hold.

(a) %(0) = 0:

(b) %(�x) = %(x) for all x 2 X, � 2 | with j�j = 1
(c) % is convex

(d) % is left-continuous.

(e) %(�x) = 0 for all � > 0 implies x = 0:

A semimodular % is called a modular if

(f) %(x) = 0 implies x = 0:

A semimodular % is called continuous if

(g) The mapping �! %(�x) is continuous on [0;1) for every x 2 X

De�nition 1.2 If % be a semimodular or modular on X, then

X% :=
n
x 2 X : lim

�!0
% (�x)

o
(1.1)
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1. Lebesgue and Sbolev spaces

Is called a semimodular space or modular space, respectively. The limit � ! 0. takes

place in |: Since %(�x) = %(j�jx) it is enough to require lim
�!0

! %(�x) with

� 2 (0;1).
Due to

% (�x) = %(j�jx) � j�j %(x) for all j�j � 1; (1.2)

% (�x) = %(j�jx) � j�j %(x) for all j�j � 1:

Which says, we can alternatively de�ne X% by

X% = fx 2 X : % (�x) <1 for some � > 0g

since for �0 < � we have by 1.2 that

%
�
�
0
x
�
= %

 
�
0

�
�x

!
� �

0

�
% (�x)! 0 as �

0 ! 0:

Theorem 1.1 Let % be a semimodular on X. Then X% is a normed |-vector space.
The norm, called the Luxemburg norm, is de�ned by

kxk% := inf
�
� > 0 : %

�
1

�
x

�
� 1
�
:

Exemple 1.1 (Classical Lebesgue spaces). Let 1 � p < 1. Then the corresponding
modular space (L0 (
))%�coincider with the classical Lebesgue space L

1

kfk� := kfk%p =

0@Z



jf(x)jp
1A 1

p

dx

Similarly, the corresponding semimodular space(L0 (
))%1 coincides with the clas-

sical Lebesgue space L1 i.e.

kfk1 := kfk%1 = ess
x2


sup jf(x)j :

12



1. Lebesgue and Sbolev spaces

The normk:k% de�nes our standard topology on X%. So for x�, x 2 X% we say

that x� converges strongly or in norm to x if kx� � xk% ! 0:

De�nition 1.3 Let p 2 P (A; �) and let either 'p(:) := e'p(:) or 'p(:) := 'p(:): Hence

we obtain a semimodular :

%Lp(:)(A) (f) =

Z
A

'p (x) (jf(x)j) dx:

We de�ne the variable exponent Lebesgue space Lp(:)(A; �)as the Musielak{Orlicz

space L'p(:)(A; �) with the norm

k�k
Lp(:)(A;�)

:= k�k
L
'p(:) (A;�)

In particular, the variable exponent Lebesgue space Lp(:)(A; �) is

Lp(:)(A; �) =
n
f 2 L0(A; �) : lim

�!0
%Lp(:)(A) (�f) = 0

o
Or equivalently

Lp(:)(A; �) =
n
f 2 L0(A; �) : %Lp(:)(A) (�f) <1 for somme � > 0

o
Equipped with the norm

kfkLp(:)(A;�) = inf
�
� > 0 : %Lp(:)(A)

�
f

�

�
� 1
�
:

Note that %Lp(:)(A) is a modular if p is �nite everywhere. We abbreviate %Lp(:)(A)to

%p(:) and k�k
Lp(:)(A;�)

to k�kp(:). Moreover, if 
 � Rnand � is the Lebesgue measure

we simply write Lp(:)(
): This de�nition seems ambiguous, since either

'p(:) = e'p(:) or 'p(:) = 'p(:):

13



1. Lebesgue and Sbolev spaces

However,due to lemma 3:1:6 of [3] it is clear that Le'p(:) = L'p(:) and

kfke'p(:) � kfk'p(:) � kfk2e'p(:) :
Thus, the two de�nitions agree up to equivalence of norms with constant at most

2. Recall that we have two relevant �-functions ,e'p(:) and 'p(:).

Lemma 1.1 (Norm-modular unit ball property).

If p 2 P (
), then kfk
p(:)
� 1 and %p(:) (f) � 1 are equivalent. For f 2 Lp(:)(
)

we have

(a) If kfk
�(:)
� 1 then kfk

p(:)
� kfk

p(:)
�

(b) If 1 < kfk
p(:)
, then kfk

p(:)
� %

p(:)
(f).

This lemma follows directly from Lemma and Corollary 2:1:15 of [3] .

Theorem 1.2 Let p 2 P (A; �). Then 'p(:) is proper and L
p(:)(A; �) is proper and

Lp(:)(A; �) is a Banach function space. Its associate space satis�es

(Lp(:)(A; �))0 = Lp(:)(A; �))

and

kgkp0(�) � kgk(Lp(�))0 � 2 kgkp0(�) if'p(:) = e'p(:);
1

2
kgkp0(�) � kgk(Lp(�))0 � 2 kgkp0(�) if'�(:) = '� (:)

For every g 2 L0(A; �).

Proof. . If follows from Lemma 3:2:11of [3] that simple functions are contained in

Lp(:) and Lp00(�) . Thus 'p(:)is proper by Corollary 2:7:9 of [3] and therefore L
p(:) is a

Banach function space, see also Section 2:7 of [3] We can apply Theorem 2:7:4 of

[3] to 'p(:) to get (L
p(:)(A; �))0 = Lp

0(:)(A; �)and

kgk('p(�))� � kgk(Lp(�))0 � 2 kgk('p(�))� ;

14



1. Lebesgue and Sbolev spaces

which is the �rst estimate of the claim if 'p(:) = e'p(:), since(e'p(:))� = e'p0(:).
Lemma 1.2 (H�older's inequality).

Let p; q; s 2 P (A; �) be such that

1

s(y)
=

1

p(y)
+

1

q(y)

For �-almost every y 2 A. Then

%
s(:)(fg) � %p(:)(f): %q(�)(g) ; (1.3)

kfgk
s(:)

� 2 kfkp(�) kgkq(:) (1.4)

kfgk
s(:)

�
 �

s

p

�+
+

�
s

q

�!
kfk'p(�) kgk'q(�) ; (1.5)

for all f 2 Lp(:)(A; �) and g 2 Lq(:)(A; �), where in the case s = p = q = 1
we use the convention s

p
= s

q
= 1 . In particular, f g 2 Ls(:)(A; �). If additionally

f 2 Ep(:)(A; �) or g 2 Eq(:) (A; �); then f g 2 Es(:)(A; �).
Let f 2 Lp(:) and g 2 Lq(:). Since f and g are measurable, also f g is measurable.

Then (1.3) follows from (3:2:16) of [3], by integration over y 2 A.The following

argument applies to both e'�(:) and '�(:) :
If kfkp(�) � 1 and kgkq(:) � 1, then %p(:)(f) � 1 and %q(:)(g) � 1 by the unit ball

property. Using (1.3) we estimate

%
s(:)(

1

2
fg) � 1

2
%
s(:)(fg) �

1

2
(%p(:)(f) + %q(:)(g)) � 1:

This implies kf gk
s(:)
� 2 by the unit ball property. The scaling argument proves

(1.4). Now let kfk'p(:) � 1 and kgk'q(�) � 1 then by the unit ball property %p(:)(f) � 1
and %q(:)(g) � 1:

Using (3:2:17) of [3] integrated over y 2 A we get

%s(:)(ab) �
�
s

p

�+
%p(:)(f) +

�
s

q

�+
%q(:)(g) �

�
s

p

�+
+

�
s

q

�+
:

15



1. Lebesgue and Sbolev spaces

This implies

kfgk
's(:)

� esssup
s

p
+ esssup

s

q

by the unit ball property. The scaling argument proves (1.5).

Assume now that additionally f 2 Ep(:) i.e. %p(:) (�f) < 1 for every � > 0. Let


 > 0 be such that %q(:)(g=
) <1. Then for every � > 0: We have

%r(:) (�fg) � :%p(:) (�
f) + :%q(:) (g=
) <1:

Since � > 0 was arbitrary, this proves f g 2 Ep(:). The case g 2 Eq(:) follows by

symmetry. The case s = 1 in Lemma 1:2 is of special interest : ,Z
A

jf jjgjd� � 2 kfkp(�) kgkp0(�) ;Z
A

jf jjgjd� �
�
1 +

1

p� �
1

p+

�
kfk'p(:) kgk'p0(�)Z

A

jf jjgjd� �
�
1 +

1

p� �
1

p+

�
kfk'p(:) kgk'p0(�)

for all f 2 Lp(:)(A; �) and g 2 Lp0(�)(A; �).

Theorem 1.3 Let p; q 2 P (A; �). De�ne the exponent r 2 P (A; �) by

1

r(y)
:= max

�
1

q(y)
� 1

p(y)
; 0

�
for all y 2 A:

(a) If q � p �-almost everywhere and 1 2 Lr(�)(A; �), then Lp(:)(A; �) ,!
Lp(�)(A; �) with norm at most 2 k1kLr(:) (A).
(b) If the measure � is atom-less and Lp(�)(A; �) ,! Lq(:)(A; �) with norm K > 0,

then q � p �-almost everywhere and k1kLr(�) (A) � 4K:

Lemma 1.3 Let p 2 P (A; �) be a bounded exponent and let � be separable. Then

Lp(�)(A; �) is separable.

16



1. Lebesgue and Sbolev spaces

Proof. Since '�(�) is locally integrable by Remark 3:4:3 of [3], we can apply Theorem

2:5:10 of [3] to show that Ep(:) is separable. Since p+ < 1, we further have Ep(:) =
Lp(:) Theoreme 3:4:1 of [3].

Theorem 1.4 Let p 2 P (A; �) with 1 < p� � p+ < 1. Then Lp(�)(A; �) is

re
exive.

Proof. Let 1 < p� � p+ < 1. Then it follows from Remark 3:4:3 of [3] that 'p(�)

and ('p(�))
� are locally integrable. Moreover, by Theorem3:4:1 of [3] it follows that

Ep(:) = L
p(:)
and E

p0(�)
= Lp

0(�). Thus Corollary 2:7:18 of [3] shows that L
p(:)
is re
exive.

Next we de�ne the sobolev spaces with variable exponent

De�nition 1.4 Assume that u 2 L1loc(
). Let � := (�1; :::; �n) 2 Nn0 be a multi-index.
If there exists g 2 L1loc(
)such thatZ




u
@�1+:::+�n 

@�1xn� � � @�nxndx = (�1)
�1+:::+�n

Z



 gdx

for all  2 C10 (
), then g is called a weak partial derivative of u with respect to
�. The function g is denoted by @�u or by

@�1+:::+�n u
@�1xn� � � @�nxn . Moreover, we write ru to

denote the weak gradient
�
@u
@x1
; :::; @u

@xn

�
of u and we write short @ju for

@u
@xj

with

j = 1; :::; n. More generally we write rku to denote the btensor with entries

@�u; j�j = k: If a function u has classical derivatives then they are also weak deriva-

tives of u. Also by de�nition ru = 0 almost everywhere in an open set where u = 0.

De�nition 1.5 The function u 2 Lp(:)(
) belongs to the space W k;p(�)(
);where

k 2 N0 and p 2 P (
), if its weak partial derivatives @�u with j�j � k exist and

belong to Lp(:)(
). We de�ne a semimodular on W k;p(�)(
) by

%Wk;p(�)(
)(u) :=
X

0�j�j�k

%Lp(:)(
) (@�u)

17



1. Lebesgue and Sbolev spaces

which induces a norm by

kukWk;p(�)(
) :=
n
inf � > 0 : %Wk;p(�)(
)(

u

�
) � 1

o
:

For k 2 N the space W k;p(�)(
) is called Sobolev space and its elements are called

Sobolev functions. Clearly W 0;p(�)(
) = Lp(:)(
).

De�nition 1.6 Let (A;
P
; �) un � �ni complet measure space. we ote pat P (A; �)

the set of � measurable function p : A! [1;1] :
The fonction p 2 P (A; �) are called variable exponent on A. We de�ne

p� := p�A = ess inf
y2A

p (y)

and

p+ := p+A = esssup
y2A

p (y)

if p+ < 1; then p is called a boundede variable exponet. For p 2 P (A; �), we

de�nit p
0 2 P (A; �) by

1

p (y)
+

1

p0 (y)
= 1; where

1

1 = 0

the function p
0
is called the conjugue of exposant p.

In the special case � is the n dimensional lebsgue measure . 
 is a sous an open

set of Rn, note P (
 ; �) = P (
) to de�ne the LP (:) space; we need a corresponding

generalised ' function.

De�nition 1.7 (palais smale condition)

Let X be a banach space and � : X ! R a di�erentiable functional in the gateaux

sense. We say that the function � satis�es the weak condition of palais smale if for

any continuation

18



1. Lebesgue and Sbolev spaces

fxng � X cheking

sup j�(xn)j <1; and lim
n!1

�
0
(xn) = 0 2 X�;8n 2 N;�(xn) 6= 0;

There is a critical point of �; x 2 X such as

lim inf �(xn) � �(x) � lim sup�(xn):

De�nition 1.8 (weak solution)

The real de�nition for weak solution for ��u = 0 in 
 ; u = g on @
 . u 2
W 1;2(
) is weak solution if u = g on @
 ;

for any v 2 W 1;2(
) , we haveZ
ru:rv = 0:

Theorem 1.5 (intermidiate value theoremen)

The intermidiate value theorem states the following consider an interval I = [a; b]

of real numbers R: Then

i. If u is a number between f(a) and f(b),that there is , min (f(a); f(b)) < u <

(f(a); f(b) then there is a c 2 (a; b) such that f(c) = u.

ii. The set of function value has no gap. For any two function values c; d 2 f(I)
with c < d; even if they are outside the interval between [c; d] are also function values,

[c; d]�f(I)

Proposition 1.1 Let %p(x)(f) =

Z



jf jp(x) dx

(i) For f 2 Lp(x)(
);we have

jf jp
�

p(x) � %p(x)(f) � jf j
p+

p(x) if jf jp(x) > 1 (1.6)

19



1. Lebesgue and Sbolev spaces

jf jp
+

p(x) � %p(x)(f) � jf j
p�

p(x) if jf jp(x) � 1 (1.7)

(ii) For f; fn 2 Lp(x)(
);we have

fn ! f inLp(x)(
) if and only if %p(x) (fn ! f)! 0 (1.8)

Proof. �rst we dmonstrate (1.6) suppose jf jp(x) = a > 1 then %
�
f
a

�
= 1: Note that

1
a
< 1:

if � > 1; we have

%(f) � � %(f) � �p
�
%(f) � %(�f) � �p

+

%(f):

If now 0 < � < 1; then we have

�p
+

%(f) � %(�f) � �p
�
%(f) � � %(f) � %(f):

From this followes that

1

ap+
%(f) � %

�
f

a

�
= 1 � 1

ap�
%(f)

Hence the result ; inequality (1.7) can be demonstrated in a similar way to demon-

strate (1.8) ,it's easy to see that fn converge to f in 
 . jfnjp(x) converge to jf jp(x)

and using the inequality

jfnjp(x) � 2p
+�1(jfn � f jp(x) + jf jp(x))

And the vitali integral convergence teoreme , we deduce that %(fn) ! %(f):on

the other hand, if fn convergence to f in 
. we can deduce that jfn ! f jp(x)converge
to 0 in 
: According to the inequality

20



1. Lebesgue and Sbolev spaces

jfn ! f jp(x) � 2p+�1
�
jfnjp(x) + jf jp(x)

�
and by the fact that %(fn)! %(f) we �nd that

jjf jpjq(x) = jf j
p
pq:

Proposition 1.2 Let p and q be two mesurable functions with 1 � p(x)q(x) <1 in


 .let f 2 Lq(x)(
); then

jf jp
�

p(x)q(x) �
���jf jp(x)���

q(x)
� jf jp

+

p(x)q(x) if jf jp(x)q(x) > 1; (1.9)

jf jp
+

p(x)q(x) �
���jf jp(x)���

q(x)
� jf jp

�

p(x)q(x) if jf jp(x)q(x) � 1; (1.10)

In particulier , if p(x) = q is a constant then

jjf jpjq(x) = jf j
p
pq:

Proof. Firstly we demonstrate inequality (1.9).

We know that any function f 2 Lq(x)(
); satis�es

%q(x)(f
0 jf jq(x)) � 1 (1.11)

From (1.11) we have

%p(x)q(x)(f
0 jf jp(x)q(x)) � 1

:
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1. Lebesgue and Sbolev spaces

So

1 �
Z

fp(x)q(x)<1g

(
jf j

jf jp(x)q(x)
) p(x)q(x) dx (1.12)

�
Z

fq(x)<1g

(
jf jp(x)

jf jp(x)p(x)q(x)

) q(x) dx

and ess sup
p(x)q(x)=1

f= jf jq(x) � 1: The last inequality implies that

ess sup
q(x)=1

jf jp(x) � esssup
x2


jf jp(x)p(x)q(x)

and from (1.12) we have

%q(x)(jf j
p(x) =esssup

x2

jf jp(x)p(x)q(x)) � 1

This proves the �rst inequality in (1.10) and the second inequality in (1.9):

In a similar way , we have

%q(x)(jf j
p(x) =

���jf jp(x)���
q(x)
) � 1

Hence

1 �
Z

fp(x)=1g

(
jf jp(x)���jf jp(x)���

q(x)

) q(x) dx

�
Z

fp(x)q(x)<1g

(
jf j

ess sup
���jf jp(x)��� 1

p(x)

q(x)

) p(x)q(x) dx :
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1. Lebesgue and Sbolev spaces

We have

esssup
x2

(jf jp(x) =

���jf jp(x)���
q(x)
) � 1

We �nd

ess sup
p(x)q(x)=1

jf jp(x) � esssup
x2


���jf jp(x)��� 1
p(x)

q(x)
;

We have

%p(x)q(x)( jf j = esssup
x2


���jf jp(x)��� 1
p(x)

q(x)
) � 1;

jf jp(x)q(x) � esssup
x2


���jf jp(x)��� 1
p(x)

q(x)
:

If p� > 0; this prouve the second inequality in (1.10) and the �rst inequality

(1.9).

If p� = 0 and
���jf jp(x)���

q(x)
� 1 then jf jp(x)q(x) � 1; (� 1 also) ; the �rst and second

inequality in (1.10) are trivial .

Remark 1.1 Let un , u of Lq(x)(
) be such that un ! u: By relation 1.8 and

holder inequality we have

lim
n!1

Z



junjq(x) dx =
Z



jujq(x) dx

From (1.6) and (1.7) we have

Z



jujq(x) dx � jujq
�

q(x) + jujq
+

q(x) ; 8u 2 W
1;p(�)
0 (
):

Theorem 1.6 Let p; q 2 P (A; �): The component r 2 P (A; �) is de�nd by

1

r(x)
= max

�
1

q(x)
� 1

p(x)
; 0

�
for all x 2 A

A constant at most 2 j1jLr(:)(A) si q � p � most partout and the 1 2 Lr(:)(A)(A; �)
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1. Lebesgue and Sbolev spaces

then Lp(:)(A)(A; �) ,! Lq(:)(A)(A; �); with

Proof. . Given q � p presque every where and

1

q
=
1

r
+
1

p

Appling holder's inequality , we �nd

jf jq(:) � 2 j1jLr(:)(A) jf jp(:)

and this coplets the proof

Corollary 1.1 Let .p; q 2 P (A; �) with �(A) <1: Then

Lp(:)(A)(A; �) ,! Lq(:)(A)(A; �)

and only if q � p � virtualy every where in A, the constant at most 2.

Remark 1.2 Noting that in W k;p(�)(
)

kX
m=0

%Lp(:)(
)(jrmuj)

and
kX

m=0

(jrmuj)
Lp(:)(
)

De�ne a semi modular and a note equivalente to the sobolev semi modular and

the sobolev nom, respectively.

Theorem 1.7 Let p 2 P (
) The space W k;p(�)(
) is a Banach space, which is sep-

arable if p is bounded, and re
exive and uniformly convex if

1 < p� � p+ <1:
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1. Lebesgue and Sbolev spaces

Proof. We proof only the case k = 1, the proof for the general case is sim-ilar. We

�rst show that the Sobolev spaces is a Banach space ; for that let (ui) be a Cauchy

sequence in W k;p(�)(
) . We have to show that there exists u 2 W 1;p(�)(
) such that

ui ! u in W k;p(�)(
) as i ! 1. Since the Lebesgue space Lp(:)(
). Is a Banach
space (Theorem 3:2:7) of [3], there exist u; g1; :::; gn 2 Lp(:)(
). Such that ui ! u and

@jui ! gj in L
p(:)(
) for every j = 1; :::; n.

Let  2 C10 (
). Since ui is in W 1;p(�)(
) : We haveZ



ui@j dx = �
Z



 @juidx:

Strong convergence in Lp(:)(
) implies weak convergences and hence we haveZ



ui@j dx!
Z



u@j dx

and Z



 @juidx!
Z



 gjdx

As i ! 1. Thus the right-hand sides on the previous line yield that (g1; :::; gn)
is the weak gradient of u: It follows that u 2 W 1;p(�) and uj ! u in W 1;p(�).

By Theorem 3:4:4 of [3] Lp(:)(
) is separable if p+ <1 and by Theorem 3:4:7 of

[3], Lp(:)(
) is re
exive if 1 < p� � p+ <1.

By the mapping u 7! (u;ru), the space W 1;p(�)(
) is a closed subspace of

Lp(:)(
) �
�
Lp(:)(
)

�n
. Thus W 1;p(�)(
) is separable if p+ < 1, and re
exive if

1 < p� � p+ < 1 by Proposition 1:4:4 of [3] . For the uniform convexity we note

thatW 1;p(�)(
) satis�es the �2-condition provided that p
+ <1. The Lp(:)-modular is

uniformly convex for p� > 1 by Theorem 2:4:11 of [3] and the proof of Theorem 3:4:9

of [3]. Thus %Wk;p(�) is uniform convex as a sum of uniform convex modulars (Lemma

2:4:16) of [3].ThusW 1;p(�)(
) is uniform convex with its own norm by Theorem 2:4:14

of [3].
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1. Lebesgue and Sbolev spaces

Theorem 1.8 Let p 2 P (Rn). The space W k;p(�)
0 (
) is a Banach space, which is

separable if p is bounded, and re
exive and uniformly convex if

1 < p� � p+ <1:

Proof. :Since W
k;p(�)
0 (
) is a closed subspace of W k;p(�)(
), the properties follow by

Proposition 1:4:4 and Theorem 8:1:6 of [3].

Proposition 1.3 Let p; q 2 P (
) \ C(
) satisfy p+ < n. If W 1;p(�)(
) ,! Lp(:)(
),

then q � p�.

Proof. Suppose that q(x) > p�(x) for some x 2 
. By the continuity of p and q,
there exist s 2 (1; n); t 2 (1;1) and r > 0 such that

p�(y) < s� < t < q(y)

for every y 2 B(x; r). By Corollary 3:3:4 of [3],W 1;s(B(x; r) ,! W 1;p(:)(B(x; r))

and Lq(�)(B(x; r)) ,! Lt(B(x; r)). Since s� < t we have w1;s(B(x; r))# Lt(B(x; r)).

Thus W 1;p(�)(B(x; r))# Lq(�)(B(x; r)), which is a contradiction,

and so q(x) � p�(x).

Next we construct a continuous exponent for which the Sobolev embedding

W 1;p(�)(
)! Lp
�(:)(
) does not hold.

Proposition 1.4 Let h 2 C(
) be such that 0 < h� � h+ < 1: Then the quantity

de�ned by

kfkh = inf

8<:� > 0 :
Z



 ����rf�
����p(x) + h(x)

����f�
����p(x)

!
dx � �1

9=;
is an equivalent norm in W 1;p(x)(
):

Let us de�ned the critical Sobolev exonent of p

p�(x) =

(
Np(x)
N�p(x) if p(x) < N;

+1 if p(x) < N .

)
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1. Lebesgue and Sbolev spaces

and

p@ (x) =

(
(N�1)p(x)
N�p(x) if p(x) < N;

+1 if p(x) < N .

)
We have the following embedding theoreme .

Proposition 1.5 Let 
 be a bounded domaine in RN witch lipschitz boundray and
p; q 2 C

�


�
:suppose that that p (x) < N and p (x) � q (x) < p� ; 8x 2 
:

then there is a compact and continues embedding W 1;p(x) (
) ,! Lp(x) (
) .

Proposition 1.6 There is a compact and continues boundray trace embeddingW 1;p(x) (
) ,!
Lr(x) (@
) for any p 2 C

�


�
, p� > 1 and any r 2 C (@
) satisfafying 1 � r (x) <

p@ (x)for all x 2 @
:
In what follows the letter c will be indiscriminately used to denote various con-

stantes when the exact values are irrelevent.

De�nition 1.9 Let V be a part of a banach space X and F : V ! R. if u 2 V is

said F to be derivable in the gatcaux sence ( or G di�eretiable in u), if there existe

l 2 X 0
such that in any direction z where F (u + tz) existe for t > 0 as all enough ,

the directional F
0
z(u) existe and we have :

lim
t!!0+

F (u+ tz)� F (u)

t
= h l ; z i :

We will put F 0(u) = l and C1(X;R) or simply C1(X) denoted the space of all
dervative function al spaces.

De�nition 1.10 (critical point)

Let X is banach spqce ,V � X an open and F 2 C1(V;R): We say that u 2 V

is a critical point of F if F 0(u) = 0. If u is not a critical point , we say that u is

a regular point of F .If c 2 R, we say that c is a critical value of F if there exists

exicte u 2 V such that F (u) = c and F 0(u) = 0. If c is not a critical value ,that c

is a regular value of F .

De�nition 1.11 (caratheodory function)
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1. Lebesgue and Sbolev spaces

Let 
 be a bounded open of RN :a function f from 
 � R into R is said a

caratheodory function if :

i.The application : t! f(x; t) is continuous p:p:x.2 

ii.The application : x! f(x; t) is ,mesurable for all t 2 R:

Remark 1.3 The palais smail condition does not prejudge the existence of a critical

value . It merely states that if we have such a sequence, it must be relatively compact

.To use it e�ectively in a

useful way, we'll need to be able to demonstrate by another means that such a

sequance is exist.

Proposition 1.7 For all a; b > 0 and 0 < k < 1; we have the inequality.

atk � b �
�a
b

�k=l�k)
; 8t � 0 (1.13)

Demonstration.Indeeed, the function

t 2 [0;1)! t�

Is decreasing for all � > 0; it follows that

a� b:tl�k < 0; 8t > a:
�a
b

�1=(l�k)
and

tk:( a� b:tl�k) � a:tk < a:
�a
b

�k=(l�k)
; 8t 2

�
0;
�a
b

�1=(l�k)�
:

The last two inequalities show that (1.13) is true.

Proposition 1.8 Let p � 2; then all for x1; x2 2 RN we have

(jx1jp�2 x1 � jx2jp�2 x2):(x1�x2) �
2

p(2p�1 � 1) jx1�x2j
p (1.14)
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1. Lebesgue and Sbolev spaces

:

Proof. Of convexity strict x! jxjp implies for any x1; x2 2 RN we have

jx2jp > jx1jp + p jx1jp�2 x1(x2�x1) (1.15)

Then we eplace x2 by
x1+x2
2

in (1.14) we �nd����x1 + x2
2

����p � jx1jp + 12p jx1jp�2 x1(x2�x1) (1.16)

Using Clarkson's inequality for p � 2 such that

jx1jp + jx2jp � 2
����x1 + x2

2

����p + 2 ����x1 + x2
2

����p (1.17)

We arrive at

jx2jp � jx1jp + p jx1jp�2 x1(x2�x1) + 2
����x1 + x2

2

����p (1.18)

.

This is the inequality (1.14) but with the constant 21�p instead of 1
2p�1�1 : Repeat

this procedure , starting with (1.17) and now let's use (1.18) instead of (1.15), we

get the constant 21�p + 41�p:

By iteration we �nally �nd the constante

21�p + 41�p + 81�p + :::: = 1
2p�1�1 :

Theorem 1.9 ( Eklend's variational principale)

Let (M;d) be a complet metric espace . Suppose that

� :M ! (�1;+1);� 6=1
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1. Lebesgue and Sbolev spaces

Is a semi continuous functional bounded from below. Then ,for all " > 0 and

v 2M; there existe u 2M such that

i) �(u) � �(v)� "d(u; v);

ii) �(x) � �(u)� "d(x; u) for all x 2M ,

Corollary 1.2 Let M be a banach space and le I 2 C1(M;R): We assume that I is
bounded from below and satis�es the palais smale condition at the level

c = inf
x2M

I(x):

Then I reaches its minumum c.

Proposition 1.9 Let X be a re
exive banach space , K � X closed convene and

J : K ! R a weakly sequential semibcontinuos lowerment function . Moreover, if K
is not bounded , we assume that for any sequence (xn)n of K such that kxnk ! 1; we

have J(xn)! +1: Then J is inferiorly bounded and so minimum in other words :

9u 2 K; J(u) = inf
V 2K

J(v) = min
v2K

J(v):

Theorem 1.10 (Mountain pass theorem)

Let V be a banach space and J 2 C1(V;R) a functional that satis�es the condition
of palais smale and if

(i) J(0) = 0

(ii) There exists R > 0 and a > 0 such that if kukV = R then J(u) � a;

(iii) There exists v 2 V; kvkV > R such that J(v) < a .Then, J admits a

critical value c � a: more precisely, if we ask

� = f'([0; 1)] ;' 2 C([0; 1] ;V ); '(0) = 0; '(1) = vg

and

c = inf
A2�
max
v2A

J(v)

Then c is a critical value of J:
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CHAPITRE 2

Multiple solution to a Neumann problem with variable

exponent

Let 
 � RN , N � 2 be a bounded domain with smooth boundary @
:
This paper deals with weak solution of the following nonlinear boundary value

problem (
��p(x)u+ h(x) jujp(x)�2 u = �g(x) jujq(x)�2 u in 


j rujp(x)�2 @u
@v
= k(x) jujq(x)�2 u on @


(2.1)

Where p; q and s are continues variable exponents. The measurable functions h

and g are supposed positive in 
, the measurable function k is positive in @
 and �

is a real parameter .The operator �p(x)u = div( j rujp(x)�2ru) is the so called p(x)-
Laplacian operator and @

@v
is the outer unit derivative.

Next ; we state some necessary assumption to proove our results.

1 Hypothesis

We assume p; q; s 2 C+
�


�
such that
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2. Statements of Results

(A) 1 < s� � s+ < q� � q+ < p� � p+ < N::8x 2 
:

We suppose that the function g ,h and k are positive ,0 < h� � h+ < 1 and

that

(B) g 2 Lr(x) (
) ; h 2 C (
) \ Lm(x) (
) and k 2 Ll(x) (@
)

and we suppose that

(C)
p�(x)

p�(x)� q(x)
< r(x);

p�(x)

p�(x)� s1(x)
< m(x);8x 2 
:

p@(y)

p@(y)� s2(y)
< l(y); 8y 2 @
:

Now we present ours results.

2 Statements of Results

De�nition 2.1 We say that u 2 W 1;p(x) (
) is a weak solution of problem 2.1 .if

Z



jrujp(x)
�2rurvdx+

Z



h(x) jujp(x)
�2 uvdx��

Z



g(x) jujq(x)
�2 uvdx�

Z
@


k(x) jujs(x)
�2 uvd� = 0

For all v 2 W 1;p(x) (
) where d� is the surface measure on @
:

De�ne I : W 1;p(x) (
)! R by

I (u) =

Z



1
p(x)

jrujp(x) dx+
Z



h(x)
p(x)

jujp(x) dx��
Z



g(x)

q(x)
jujq(x) dx�

Z
@


k(x)

s(x)
jujs(x) d�:

Then standard arguments [1] show that I 2 C1
�
W 1;p(x) (
) ;R

�
and



I�(u) ; v

�
=

Z



jrujp(x)
�2rurvdx+

Z



h(x) jujp(x)
�2 uvdx���

Z



g(x) jujq(x)
�2 uvdx�

Z
@


k(x) jujs(x)
�2 uvd�;
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3. Existence of multiple solution

For all u ; v 2 W 1;p(x) (
) :

Then the weak solution of problem 2.1 correspond to critical point of the func-

tional I.

Firstly , we are looking for a global minimum of functional I which is a solution

with negative energy .

Theorem 2.1 For any � 2 R there exists u1 W 1;p(x) (
) a nontrivial weak solution

of problem 2.1 sutch that

I (u1) < 0

We establish also the existence of another solution .

Theorem 2.2 For any � 2 R there exists u2 2W 1;p(x) (
) a nontrivial weak solution

of problem 2.1 sutch that

I (u2) > 0

The proofs of the above results are the subject of the next section.

3 Existence of multiple solution

We begin this section by prooving the �rst results of our travel.

Proof of Theorem 2.1 Appiling the Holder inequalty we reach for all u 2W 1;p(x) (
)

Z



g(x) jujq(x) dx � 2 jgjr(x) juj
qi

q(x)r�(x) ; i = + or�

and Z
@


k(x) jujs(x) d� � 2 jkjl(x) juj
s
0

s(x)l�(x) ; i = + or�

Where �0 = �
��1

:

Assumption (C) ensure that q(x)r�(x) < p� (x) in 
 and s(x)l0(x) < p
@
(x) in @
,

so by sobolev embidding theoreme there exist
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3. Existence of multiple solution

c1 > 0 , c2 > 0 sutch thatZ



g(x) jujq(x) dx � c1 jgjr(x)
�
kjujkq

+

1;p(x) + kjujk
q�

1;p(x)

�
(2.2)

and Z
@


k(x) jujs2(x) d� � c2 jkjl(x) kjujk
s+

1;p(x) + kjujk
s�

1;p(x) : (2.3)

Let us prove that I is bounded from below in W 1;p(x) (
) :

We recall the fundamental inequality

at� � bt� � a
�a
b

���(���)
; 8t > 0 (2.4)

For any a
'
b > 0 and 0 < � < �:

If � > 0 we have by (2.2) and (2.3)

I (u) � 1

p+

0@Z



jrujp(x) dx+
Z



h(x) jujp(x) dx

1A� �c1
q�
jgjr(x)

�
kjujkq

+

1;p(x) + kjujk
q�

1;p(x)

�
� c2
s�2
jkjl(x)

�
kjujks

+

1;p(x) + kjujk
s�

1;p(x)

�
:

However by proposition 1.4 there exists c > 0 sutch that

I (u) � c

p+
jujp

i

1
'
p(x) �

�c1
q�
jgjr(x) kjujk

q+

1;p(x) + kjujk
q�

1;p(x)

� c2
s�2
jkjl(x)

�
kjujks

+

1;p(x) + kjujk
s�

1;p(x)

�
,i = + or�
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3. Existence of multiple solution

We can decompose the right hand side in the last inequality as follows

I (u) � �(�c1
q�
jgjr(x) kuk

q+

1;p(x) �
c

4p+
kukp

i

1
'
p(x))

�
�
�c1
q�
jgjr(x) kuk

q�

1;p(x) �
c

4p+
kukp

i

1
'
p(x)

�
�
�
c2
s�
jkjl(x) kuk

s+

1;p(x) �
c

4p+
kukp

i

1
'
p(x)

�
�
�
c2
s�
jkjl(x) kuk

s+

1;p(x) �
c

4p+
kukq

i

1
'
p(x)

�
:

Appiling inequality (2.4) four times it yields :

I (u) �M

Where

M = ��c1
q� jgjr(x)

��
4 �c1
cq� jgjr(x) p

+
�q+�(pi�q+)

+
�
4 �c1
cq� jgjr(x) p

+
�q��(pi�q�)�

� c2
s�� jkjl(x)

��
4p+ c2

cs� jkjl(x)
�s+�(pi�s+)

+
�
4p+ c2

cs� jkjl(x)
�s��(pi�s�)�

< 0:

Now if � � 0 we have

I (u) � �
�
c2
s�
jkjl(x) kuk

s+

1;p(x) �
c

2p+
kukp

i

1
'
p(x)

�
�
�
c2
s�
jkjl(x) kjujk

s�

1;p(x) �
c

2p+
kukp

i

1
'
p(x)

�
and we get by inequality (2.4)

I (u) �M 0

where

M 0 = � c2
cs�

jkjl(x)

 �
2p+

c2
cs�

jkjl(x)
�s+2 �(pi�s+2 )

+

�
2p+

c2
s�2
jkjl(x)

�s�2 �(pi�s�2 )!
< 0:
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3. Existence of multiple solution

Next
'
we show that the palais smale condition is ful�lled.

Lemma 3.1 The functionale I satis�es the palais smale condition at any level

c 2 R:

Proof. Let (un) � W 1;p(x) (
) be a palais smale sequance at level c 2 R: that
is

I (un) ! c

I
0
(un) ! 0 in

�
W 1;p(x) (
)

�0
as n! +1:

We show that (un) is boundede in W
1;p(x) (
) . Let us assme

'
to the contrary

'
that kunk1;p(x) ! +1 as n! +1: Since I

0
(un) is a convergent sequence

in
�
W 1;p(x) (
)

�0
then there exists c3 > 0 such that



I 0 (un)

� � c3 where k:k�
is the norm in

�
W 1;p(x) (
)

�0
: It follow that

jhI 0 (un) ; unij � kI 0 (un)k� kunk1;p(x) � c3 kunk1;p(x) :

There also exists c4 > 0 sutch that I 0 (un) � c4: For any � 2 R such that

0 < � <
1

p+

We have

c3 kunk1;p(x)+c4 � I (un)��


I�(un) ; un

�
�
�
1
p+
� �
�0@Z




jrunjp(x) dx+
Z



h(x) junjp(x) dx

1A
��
�
1
p� � �

�Z



g junjq(x) dx�
�
1
s� � �

� Z
@


k junjs(x) d�:
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3. Existence of multiple solution

if � > 0 we have by relation (2.2) and (2.3)

c3 kunk1;p(x) + c4 �
�
1

p+
� �

�
kunkp

�

1;p(x) � c1�

�
1

q�
� �

�
jgjr(x)

�
kunkq

+

1;p(x) + kunk
q�

1;p(x)

�
�c2

�
1

s�
� �

�
jkjl(x)

�
kunks

+

1;p(x) + kunk
s�

1;p(x)

�
By assumption (A) it yields lim

n!+1
kunk1;p(x) < +1 which is a contradiction.

1 � �(x) < p@(x) for all x 2 @
 .
Next we will prove thatZ




g
�
jujq(x)

�2 un � jujq(x)
�2
�
(un � u) dx! 0 as n! +1:

Let �
'
� 2 C+

�


�
such that

p (x)

q (x)� 1
� �(x) <

p� (x)

q (x)� 1'
p (x) � �(x) < p� (x)

And
1

r(x)
+

1

�(x)
+

1

�(x)
= 1 for all x 2 
:

According to proposition 1.2 we have������
Z



g
�
junjq(x)

�2 un � jujq(x)
�2
�
(un � u) dx

������ � jgjr(x)
����junjq(x)�1���

�(x)
+
���jujq(x)�1���

�(x)

�
jun � uj�(x) :

Thus there exists c > 0 such that������
Z



g
�
jujq(x)

�2 un � jujq(x)
�2
�
(un � u) dx

������ � c jgj
r(x)

�
kukq

i�1

1
'
p(x) + kuk

qi�1

1
'
p(x)

�
jun � uj�(x) :

Since un is bounded in W
1;p(x) (
) and un ! u in L�(x) (
) then
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3. Existence of multiple solution

Z



g
�
jujq(x)

�2 un � jujq(x)
�2
�
(un � u) dx! 0 asn! +1 (2.5)

.

In similar way we can obtainZ



h
�
jujp(x)

�2 un � jujp(x)
�2
�
(un � u) dx! 0 asn! +1 (2.6)

And Z
@


k
�
jujs(x)

�2 un � jujs(x)
�2
�
(un � u) d� ! 0 asn! +1 (2.7)

It is easy to see thatD
I 0 (un)� I

0
(u)

'
un � u

E
! 0 asn! +1 (2.8)

this together with relation (2.5), (2.6), and (2.7) give

Z



�
jrujp(x)

�2run � jrujp(x)
�2ru

�
: (run �ru) dx! 0 asn! +1 (2.9)

using the following inequality [4]�
jx1jp

�2 x1 � jx2jp
�2 x2

�
(x1 � x2) dx �

2

p (2p�1 � 1) jx1 � x2jp (2.10)

for all x1'
x2 2 RN and any p � 2' it yields

2

p+ (2p+�1 � 1)

Z



jrun �rujp(x) dx �
Z



�
jrujp(x)

�2run � jrujp(x)
�2
�
(run �ru) dx

(2.11)
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3. Existence of multiple solution

By the same way we get

2h�

p+ (2p+�1 � 1)

Z



jun � ujp(x) dx �
Z



h(x)
�
junjp(x)

�2 un � jujp(x)
�2
�
(un � u) dx:

(2.12)

Now combing (2.6), (2.8), (2.11) and (2.12) we lead to the fact that �1
'
p(x) (un � u)!

0 as n! +1:

Consequently un ! u in W 1;p(x) (
) as n ! +1: This means that I palais

smale condition and the proof of lemma 3.1 is completed .

In order to reach the assertion of theorem 2.1
'
we put

c = inf
u2W 1;p(x)(
)

I (u) :

Let (un) � W 1;p(x) (
) be a minimizing sequence of I . by Ekeland's variationale

principle there exists a sequence (vn) � W 1;p(x) (
) such that

I (v)! c
'
I
0
(vn)! 0 and kvn � unk1;p(x) ! 0:

Since I satis�es the palais smale condition there exists a subsequence still

denoted (vn), that converge strongly to some u1 2 W 1;p(x) (
) :this

minimizer is a critical point of I so a weak solution of problem 2.1.

In order to �nalize the proof of theoreme 2.1 we will bring out the non triviality

of the critical point u1: Let t > 1 and u 2 W 1;p(x) (
) :with u 6= 0 be �xed .We
have

I(tu) � tp
+

Z



1

p(x)
jrujp(x) dx+tp+

Z



h(x)

p(x)
jujp(x) dx�tq�

Z



g(x)

q(x)
jujq(x) dx�ts�

Z
@


k(x)

s(x)
jujp(x) @�:

Put

f(t) = atp
+ � btq

� � cts
�
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3. Existence of multiple solution

where the constant a; b and c ara given by

0 < a =

Z



1

p(x)
jrujp(x) dx+

Z



h(x)

p(x)
jujp(x) dx;

b = �

Z



g(x)

q(x)
jujp(x) dx

and

0 < c =

Z
@


k(x)

s(x)
jujs(x) @�:

We have

f
0
(t) = ts

��1f0(t)

where

f0(t) = ap+tp
+�s� � bq�tq

��s� � cs�:

It is clear that f0(t)! +1 where t! +1: Thus there exists t0 > 0 such

that f0(t0) > 0, since f0(0) > 0 , then by the intermidiate value theoreme

there exists 0 < t1 < t0 such that f0(t1) = 0: If f
0
(t) < 0 in (t1; t0) then we

put t = t: if not , it exists t2 2 (0; t0) such that f0(t1) > 0: Appling again

intermidiate value theoreme to the function f0 in the intervale (0; t2) to ensume

the existence of a zero that we note t3 of the function f0 .if f
0
(t) < 0 in (0; t3)

and f
0
(t) > 0 in (t3; t2) then we put t = t3: Repeating this processor enough

times to get a t2n+1 > 0 such that f
0
(t) < 0 in (0,t2n+1) and f

0
(t) > 0 in

(t2n+1; t2n) for some an integer n . we put t = t2n+1:

This means that t is a local minimum of f . So f( t) � f(0) = 0 and this

implies that

I(tu) < 0: (2.13)

consequently I(u1) < 0 and the proof of theoreme 2.1 is copleted .

Next , we establish the existence of another nontrivial solution of problem 2.1
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3. Existence of multiple solution

Proof. of theoreme 2.2 . To prove the statement of theorem 2.2 . We will

apply the mountain pass theoreme 2.2 . We have already show that I satis�es

the palais smale condition and by relation (2.13) there exists u0 2 W 1;p(x) (
)

such that I(u0) < 0 . Thus it only remains to prove that there exists � > 0

and � > 0 such that I(u) � � for kunk1;p(x) = �:

Let u 2 W 1;p(x) (
) with kunk1;p(x) > 1:
If � > 0 we have by relation (2.2) and (2.3)

I(u) � 1

p+
kunkp

+

1;p(x)�
�c1
q�
jgjr(x) (kunk

q+

1;p(x)+kunk
q�

1;p(x))�
c2
s�
jkjl(x) (kunk

s+

1;p(x)+kunk
s�

1;p(x)):

Put kunk1;p(x) = � we get

I(u) � �q
+

(
1

p+
�p

+�q+ � �c1
q�
jgjr(x) (1 + �q

��q+)� c2
s�
jkjl(x) (�s

+�q+ + �s
��q+)):

It is clear that under assumption (A) the right hand side of the last inequality

tends to +1 when � tends to +1 .

Therefore , there exists �0 > 0 such that

I(u) � �(�0) > 0 for kunk1;p(x) = �0:

Where

�(�) = �(�) =
1

p+
�p

+ � �c1
q�
jgjr(x) (�q

+

+ �q
�
)
c2
s�
jkjl(x) (�s

+

+ �s
�
):

We get the same condition in the case of � � 0 with

�(�) =
1

p+
�p

+ � c2
s�
jkjl(x) (�s

+

+ �s
�
) > 0:

Hence, by the montain pass theoreme it follows that

c = inf
�2�
max
t2[0;1]

I(�(t))
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3. Existence of multiple solution

Is a critical value of I where � =
�
� 2 C([0; 1] ;W 1;p(x) (
)) : �(0) = 0; �(1) = t1u1

	
:

The critical point u2 associated to c is a weak of problem 2.1 this solution is

not trivial since

c = I(u2) � �(�0) > 0 and theoreme 2.1 is proved
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Conclusion
In this thesis we have studied some aspect of p(x)-laplacian problems with Nue-

mann boundary conditions.

The methods and results presented in this thesis di�er from those for the p-

Laplacian . We have seen that the spectral theory of these problems was based on

critical point theory. The variational methods used guaranteed either the existence

of a global minimum, or the existence of a local minimum, or both. We have essen-

tially applied mountain pass theorem theoreme and Ekland's variational principle

to establish ours results.
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