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Chapter I. Preliminaries

I.1 General topology

Definition 1.1. Let X be a non-empty set. A class T of subsets is a topology
on X iff T satisfies the following axioms

(1) X and () belong to T.
(2) The union of any number of sets in T belongs to T.
(3) The intersection of any two sets in T belongs to T.

The members of T are then called T— open sets, or simply open sets, and X
together with 7 i.e the pair (X, 7) is called a topological space.

Example 1.1. 1. Consider the following classes of subsets of
X ={a,b,c,d, e}
and
n =1{X,0,{a},{c,d},{a,c,d},{b,c,d, e}}

7 =1{X,0,{a},{c, d},{a,c,d},{b,c,d}}.
Observe that 11 is a topology but 1o is not a topology on X.

2. Let X be a set. The collection {(), X} is a topology called the in-discrete
topology.

3. Let X be a set. The collection P(X) of all sets of X is a topology called
discrete topology.

4. Let X be a set. Let T be the collection of all subsets of U C X such that
X/U is finite or equal to X. Then T is a topology on X called the finite
complement topology.

I[.1.1 Subspace

Let A be a nonempty subset of a topological space (X, 7). The class 74 of all
intersection of A with 7—open subsets of X is a topology on A it is called the
subspace topology or topology inherited from X.

Example 1.2. 1. Consider the topology
1 ={X,0,{a},{c.d}.{a,c,d},{b,c,d e}, {a,b e} {b,e}}



I.1. General topology

on
X ={a,b,c,d, e},
and the subset A = {a,d}. The subspace topology is

TA = {®7 A, {a}’ {d}} :

1
2. Consider [0,1] as a subspace of R, the set [0, 3 [ is open in [0, 1] because

{o,%[:[o,um}_%,%[.

1
Of course {O, 3 [ s not open in R.

we can write

I[.1.2 Comparison of topologies

Definition I1.2. Let 7 and 7’ be two topologies on a set X. If T C 7/, we
say that 7' is finer or strong than 7. We also say that T is coarser or weaker
that 7. We say that 7 and 7" are comparable if either T C 7" or 7/ C 7.

Example 1.3. Let X = {a,b,c} and consider the following topologies
7 =10,X,a,a,b},
7 =1{0,X,a,b,a,b},
and
3 =10,X,a,c,a,c}.

Then 15 s finer than m. However 7 and 13 are not comparable.

Proposition 1.1. Let X be a set, and let T and T’ be two topologies on X
such that 7 C 7', K C X, (x,) be a sequence in X and f : X — R be a
function Then, the following statements hold

1. If K is compact with respect to 7', then K is compact for T. In the
other word, a weaker topology has more compact sets.

2. If K is connected with respect to 7', then K is connected for T. In the
other terms, a weaker topology has more connected sets.

3. If (z,) is convergent for 7', then (x,) is convergent for . Otherwise
stated, a weaker topology has more convergent sequences.

4. If fis continuous for 7. then f is continuous for '. In other words, a
weaker topology has fewer continuous functions.
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The concepts of compactness, connectedness, convergence, and continuity play
a crucial role in modern analysis, as they underpin numerous existence theo-
rems.

I.1.3 Base for the topology

Let (X, 7) be a topological space. A class B of open subsets of X, i.e B C 7, is
a base for the topology 7 iff every open set G € 7 is the union of members of
B. Equivalently, the elements of B serve as the building blocks for constructing
the topology.

I.1.4 Closed sets and related concepts

In topology, a closed set is the complement of an open set. More formally, if
X is a topological space and A C X, then A is closed if its complement, X\ A,
is open in X. A limit point of a set A C X is a point x € X such that every
open neighborhood of x contains at least one point of A different from x itself.
The closure of a set A, denoted A, is the smallest closed set that contains A.
It consists of all the points in A, along with any limit points of A.
Examples

1. In R with the standard topology, any closed interval [a,b], the whole

space and the empty set are closed.

2. In a discrete topology (where every subset is open), every set is both
open and closed.

3. In R, the set of integers Z is closed because its complement, R\Z, is
open.

I.1.5 Convergent sequences

A sequence (ay, as, ... ) of points in a topological space X converges to a point
b € X if and only if, for every open set GG containing b, there exists a positive
integer ng € N such that for all n > ng, we have a,, € G. This concept is
fundamental in analysis and is key to understanding continuity, limits, and
various other topics in mathematics.

I.2 Vector space

A vector space, also known as a linear space, is a core concept in linear
algebra. It is defined over a field K (commonly R or C) and follows a set

6
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of essential properties. Below is an overview of the key principles associated
with vector spaces.

Definition 1.3. A vector space (or linear space) over a field K is a set
V' equipped with:

o Vector addition: +:V x V. — V, satisfying:

— Commutativity: u+v = v + u,
— Associatwity: (u+v) +w =u+ (v+w),
— Additive identity: 30 € V, u + 0 = u,
— Additive inverse: YVu € V, 3—u eV, u+ (—u) =0.
e Scalar multiplication: - : K x V. — V', satisfying:
— Distributivity over vector addition: a - (u+v) =a-u+a-v,
— Distributivity over scalar addition: (a+b)-u=a-u+0b-u,
— Associativity: (a-b)-u=a-(b-u),
— Multiplicative identity: 1-u = u (1 is the identity in K).

Example 1.4. e Vector Space on R2.
Consider the set R?, which consists of all ordered pairs of real numbers:
R? = {(z,y) | x,y € R} The set R* is a vector space over the field R

with the following operations:

e Vector addition: Given two vectors u = (x1,y1) and v = (T2,Y2),
their sum is defined as: u+ v = (x1 + To, Y1 + Yo)

e Scalar multiplication: For any scalar o € R and vector u = (x,y),
the scalar multiple is: a-u = (ax, ay)

e Vector Space of Polynomials.
Let P,(R) be the set of all polynomials with real coefficients of degree at
most n. The set

P,(R) ={p(x) =ay+ a1z + -+ + a,z" | ag, ay,...,a, € R}

15 a vector space over the field R. The operations of vector addition and
scalar multiplication are defined as follows:

e Vector addition: Given two polynomials p(x) = ag+ajx+- - -+a,x"
and q(x) = by + byx + - - - + bpa”, their sum is:

(p+q)(z) = (ao + bo) + (a1 +b1)x + - + (an + by)z"
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e Scalar multiplication: For any scalar o € R and polynomial p(x) =
aog + a1x + - - - + ay,x™, the scalar multiplication is:

(ap)(z) = aap + aax + - - - + aa,z"

e Vector Space of Real Sequences
Consider the set (%, which consists of all sequences of real numbers that
are square-summapble, i.e., the set of sequences (ai,as,as,...) such that

o)
§ : 2

ai <OO.
=1

This set is a vector space over R with the following operations:

o Vector addition: Given two sequences u = (ay, as,as,...) and v =
(b1,b9,bs,...), their sum is:

u+v = (a1 +bi,az + by a3 + b, ... )

e Scalar multiplication: For any scalar o € R and sequence u =
(ay,a9,as,...), the scalar multiplication is:

a-u = (aay,ay, aag, . .. )

I.3 Normed space

Definition I.4. Let V' denote a linear vector space defined over a field of
scalars R or C. We assume that there exists a real-valued function ||.|| :
E — R, that satisfies the following conditions:

1. ||z|| > 0, Positive definiteness.
2. ||Az|| = [M||z]|, Homogeneity.
3.z +yll < ||z + llyll, Triangle inequality.

4. |lz|| = 0 if and only if x = 0.

Such a function is called a norm on the vector space V. A wector space
equipped with a norm is said to be a normed linear space or simply a normed
space.

Example 1.5. 1. The absolute value in R and the modulus in C are norms.

8
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Normed space

The euclidean space R" equipped with the norm

lollz = /a3 + o3+ ... +a2
18 a normed space.

Space of continuous function (C|a,b]) endowed with the supremum
norm

[flloe = sup [ f(2)|

s a normed space.

Sequence space (I,),1 < p < +oo : The space of infinite sequences
x = (x1,x9,--+) such that certain sums involving the components con-
verge equipped with the norm

1
n P
]l = (Z Iwi!p)
i=1
1a a normed space.

The real function ¢ defined on R? by:

p(r,y) s plz,y) = [z —y|
is not a norm because p(1,1) =0 and (1,1) # (0,0).

Let ay,as, ..., a, be real numbers, and let N : R™ — R be defined by:
N(z1, 22, ..., 2n) = a1]21] + al@a| + - - + an|zy].

Provide a necessary and sufficient condition on ay for N to be a norm

on R™.

Solution: The necessary and sufficient condition on ay for N to satisfy

th properties of a norm is

ap, >0 forallk=1,2,...,n, and at least one a; > 0.

e The condition a > 0 ensures that N(xy,2a,...,x,) > 0 for all
(x1,22,...,2y,), and N(z1,29,...,2,) =0 if and only if x; = x5 =
=, = 0.

e The positivity of ap guarantees the homogeneity and triangle in-
equality of N.
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Remark I.1. 1. The closed unit ball in a normed vector space (X, ||.||) is
the set of all vectors in E whose norm is less than or equal to 1. More
formally, it is expressed as:

Bp=1{reX: ||lz] <1}.

The unit sphere in a normed vector space (X, ||.||) is the set of all vectors
i B whose norm is exactly 1. Formally, it is defined as

S(0,1)={ze X: |z|]|=1}.
2. In the normed space E, we have for allx,y € F,

ezl =Nyl < llz = vl

Indeed,
2]l = [[(z F y) £yl < llz F yll + [yl

50,
[zl =1yl < llz F yll

By interchanging x and y, we get

Iyl = llll < =lle +yll.

I.3.1 Topology associated with a norm

Definition I.5. Let (E,||||) be a normed space. The real function defined on
R? by

constitutes a distance on E.

1.3.2 Banach space

This notion of a complete normed space was introduced around 1922 by Stefan
Banach.

Definition 1.6. A Banach space is a normed space which is complete i.e.,
in which every Cauchy sequence is convergent.

That is, E is complete as a metric space equipped with the distance associated
with its norm.

Example 1.6. 7. (R,|.|) is a Banach space.

10
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2. The space of bounded functions B(E), equipped with the norm ||.||s, is
a Banach space.

3. [C([0,1],R), ||.]l] is not a Banach space.
Indeed, let us define in E = [C([0,1],R),]|.|l1] a sequence (fy)nen by:

(0 if 0
Mo={ G i

1
2
1

IA A
SRS
IA A

(fu)nen+ is Cauchy sequence.
Moreover, it is clear that the sequence (f,)nen+ converges pointwise to

the function f defined by:

(0 if 0<uz
f(x)_{1 if L<u

IAIA

1
2
1

Furthermore, this sequence converges to f according to the standard
norm ||.||1 since

1
. 11
Tim [If = fli = A<1—<x—§>n>dx
1 n 1 1

— - =0

1
2

But we find that f is not continuous at xry = %, so E is not a Banach
space.

4. Why Cy([0,1]) is not complete? Let Cy([0,1]) denote the space of continuous
functions f : [0,1] — R such that f(0) = 0, equipped with the supremum norm:

[fllec = sup [f(2)].

z€[0,1]
Now, consider a different sequence of functions {g,}5>, defined by:
gn(z) = ™.
So,
1. Each g, is continuous on [0, 1].
2. Fach g, satisfies g,(0) =0, so g, € Cy(]0,1]).

11
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The pointwise limit of {g,} is:

_J0 ifze0,1],
g<x)_{1 ifr=1,

which is not in Cy([0, 1]).

Theorem 1.1. Let E be a normed space, and let (z,)nen be a Cauchy
sequence in E. Suppose that there exists a subsequence (yp)pen+ of (x,,) that
converges in E toy, then y = lim,_, y,.

1.3.3 Hilbert Space

A Hilbert space is a complete, infinite-dimensional vector space equipped
with an inner product. Here are its main properties:

e Definition : A Hilbert space H is a vector space over R or C with:

e Inner product is a map (-,-) : H x H — C satisfying:

- (a:,y>=<y,x>
B <Oé[L’—|—ﬁy, Z> = CY(.T, Z) +B<y7z>
— (x,z)y >0and (z,2) =0 <= =0

e Completeness : Every Cauchy sequence converges in ‘H with respect
to the norm induced by the inner product:

|zl = v/ (x, ), VoeH.

Example 1.7. e (?-space The space of square-summable sequences:
? = {(xn) : Z |z, |? < oo} .
n=1
o L?(Q)-space: The space of square-integrable functions:

[ 15 < o0}

L*(Q) = {f : Q — C mesurable

Properties:

12
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e Orthogonality: Two elements x,y € H are orthogonal if (z,y) = 0.
e Orthonormal Basis : A set {¢;} is an orthonormal basis if:
(€i,e;) =0;; (8;; =1if i = j, 0 otherwise).
Every € H admits an expansion x = ) (z, e;)e;.

e Projection Theorem: Any vector in ‘H can be uniquely decomposed
as a sum of a vector in a closed subspace and a vector orthogonal to it.

Proposition 1.2. The following chain of strict inclusions holds among com-
plete metric spaces:

Hilbert spaces C Banach spaces C Complete metric spaces.

I.3.4 Finite dimensional normed space

Proposition 1.3. Let E be a finite dimensional normed space, then

1. A finite dimensional normed space is isomorphic with KN where N =
dimFE.

2. In a finite dimensional normed space, a subset is compact if and only
if it is closed and bounded.

3. A finite dimensional normed space is a Banach space.

4. A finite dimensional normed space is closed in that space.

Exercise: Show the previous properties.

Theorem 1.2. Let (E,||.||) be a normed vector space. Then, the closed unit
ball is compact if and only if E s finite-dimensional.

Proof. See [9]. O

13
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I.4 Exercises
Exercise 1 Let (X, O) be a topological space, and let A C X. Show that:
intx(X\A) =X \adhy(A) and adhyx(X\A)=X\intx(A).

Exercise 2 (Continuity and Discrete Topology) Let X be a non-empty set

equipped with the discrete topology P(X), and let (Y, Oy) be a topological
space. Show that any function f: X — Y is (P(X), Oy)-continuous on X.

Exercise 3 Show that By is a closed subspace of L?([0,1]), where

Bo={f € L*([0,1]) : |[f| <1 a. e.}.

Exercise 4 Let C'([0,1]) be the real vector space of functions f : [0,1] — R
that are continuously differentiable. We define, for f € C'([0,1]), the norm:

1l = (mon? </ 1 1f'<t>|2dt) "

1. Prove that this defines a norm on C*([0, 1]).

2. Prove that if the sequence (f,),>1 converges in this norm, then it con-
verges uniformly on [0, 1].

3. Let f,(t) =t"(1 —t) for n > 1. Compute || f,||.

14
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I.5 Solved problem
Let a €]0, 1]. Define
T ={(z,y) € [0,1] x [0,1] ; = # y}.

For any function f : [0, 1] — C, define:

palf) = [fO)] + sup LB =IWI

(z,y)ET |I’ - y|o¢

(L5.1)

Let Lip, = {f:[0,1] — C; P.(f) < oo}.

1. Prove that Lip, C C[0,1].

2. Prove that p, is a norm on Lip, and that it satisfies, for any f € Lip,,

1 lleo < Palf)-

3. Prove that Lip, is complete with respect to this norm.

Solution

(1) For a fixed function f, we define k = p,(f). The definition of p,(f)
leads to the inequality

[f(z) = f(y)| < ke —y|* forall z,y.
This implies the continuity of f.

(2) e Norm value. We need to verify the validity of the norm axioms:

(a) For all f € Lip,, pa(f) € RT; and for all A € C, po(\f) =
IA|pa(f). This is easy to verify.

(b> pa(f>:0 — [f=0.

) =0 =170) 4 sup { D =IO 0 g}

means that f(0) =0 and VY(x,y) € J,|f(x) — f(y)| =0
which implies V(z,y) € J, f(z) = f(y) = f(0) =0
and therefore f = 0.

15
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(¢) Pa(f+9) < palf) +palg)

pa(f +9) <[F(0)] +[9(0)]

F) —fw)
—|—sup{ P— : ( ,y)EJ}
lg(z) — g(y)| .
—|—sup{—’x_y’a = ( ,y)EJ}

:pa<f)+poz(g)'
e || fllo < palf). Forall f € Lip, and = € [0, 1],

[f(2)] < [FO)] + [f(z) = F(O)]
< [FO) + (palf) = [F(O))]|*
< [FON + @alf) = [FO)]) = palf)-

Taking the supremum over z € [0, 1], we obtain
[ flleo < palf)-

(3) Let (fn)nen be a Cauchy sequence in Lip,, and € > 0. There exists N (e)

such that for p,q > N(e€), pa(fp — f;) < €. Since ||, — follo < palfp —
fq), the sequence (f,)nen is a Cauchy sequence in the complete space
(C([0,1]),]] - o), and therefore converges uniformly to a continuous
function f. It remains to show that f € Lip, and that lim,, . pa(fn —

f)=0.
Let p,q > N(e), and (z,y) € J. From (1.5.1), we have

— fply) — fo(@) + fo(y)|

_ |fo()
’fp(o) fQ(0)| + |1’—y|o‘

< pa(fp - fq) < e

As p > N(e) is fixed and ¢ — 0o, we obtain

L (@) = f@) = Sy) + FW)l

|z — y|* -

|£(0) = f(0)]

€.

Taking the supremum over (z,y) € J, we see that f, — f € Lip,, which
is a vector space, so f € Lip,. The inequality obtained can then be
interpreted as

p>N(e) = palfp — f) <e

This completes the proof of the completeness of Lip, .

16
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Chapter II. Theory of Linear Operators

II.1 Linear Operator

Definition II.1. A linear operator T is a function that maps elements
between two wvector spaces V. and W (which can be finite or infinite-
dimensional). It satisfies two key properties for all vectors, x € V, y € W
and for any scalar o:

1. T(x+y)=T(x)+T(y) (additivity).

2. T(ax) = aT(x) (homogeneity).

Example II.1. 1. Differentiation Operator The differentiation opera-
tor D, defined on the space of differentiable functions, is linear due to
the following property

D(af)+ D(Bg) = aD(f) + BD(g),
where f and g are functions, and o and [ are scalars.

2. Fourier Transform The Fourier transform JF is a linear operator,
which transforms a function f(z) into its frequency domain representa-
tion. It satisfies the property:

Flaf)+ F(Bg) = aF (f) + BF(9),
where f and g are functions, and o and [ are scalars.

3. Integral Operator The integral operator, defined from C|0,1] to R, by:

T(f) = / ()

1S a linear operator.

Notation

We will denote the set of linear applications of V' in W by L(V,W). We just
write L(V) if V = W.

The set L(V,W) is endowed with a structure of a linear vector space if we
define (T + 1) (u) = Ti(u)+T2(u) v e Vand (aT) (u) = aT'(u) for all a €
K.

Remark I1.1. 7. If W =K, T is said to be a linear form on V.

2. The set of linear forms defined on E is denoted by E* = L(E,K) and
we call it Algebraic dual of E.

18
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3. E* has a K— wvector space structure.

Definition I1.2. Let V, W be two vector spaces on K and T : V — W. The
kernel of the linear operator A is the vector subspace, denoted KerT C F,
defined by:

KerT ={z e V; T(x) =0y} =T '({0}).

The image of T, denoted R(T) C W or ImT, is defined by:

RIT)={y=T(z), z€V}.

Properties
1. T is injective if and only if KerT = {0y }.
2. T is surjective if and only if R(T) = W.

Exercice
Show these properties.

II.2 Bounded Linear Operators

Definition I1.3. An operator T : V — W is called a bounded operator if
1t maps bounded sets in V into bounded sets in W.

The following theorem provides a more convenient description of the bound-
edness of linear operators.

Theorem I1.1. [}/ Let V and W be normed spaces and let T : V — W be
a linear operator. T is bounded if and only if there exists a constant K such
that

Ve eV |T(@)llw < Klallv.

Example 11.2. 1. Consider the linear functional ¢ : co — R defined by

RS

n=1

where cq is the space of sequences that converge to zero.

(a). Show that this functional is continuous and calculate its norm.

(b). Show that sup |@(x)| is not attained.
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Indeed, Since |up|oo < ||tul|loo for alln > 1, we have

)
[l
Wl <3 = ]
n=1

Thus, ¢ is continuous and ||¢|| < 1.

To show that ||| = 1, consider the element uy, in co defined by

1 if1<n<k,
(ur)n = )
0 ifn>k+1.

We have ||ug|loo = 1 and
Sl
n—= 2n N

1
Thus, as k — oo, we have p(ux) — 1, and consequently

sup |¢(uk)| > 1.
k>1

Therefore, ||¢| = 1.

The norm is not attained because for any u € ¢y with ||u|l = 1, there
exists an integer N such that for alln > N +1, we have |u,| < % Thus,
for large N,

N 1 N+ll 1 1
2 2
WI=Y g+ > g= (1) ok
n=1 n=1

Hence, the supremum is approached but never attained.

Let C1[0,1] denote the class of all real-valued continuous functions that
are continuously differentiable on [0,1]. Then C[0,1] is a subspace of
C[0,1], which is a Banach space with respect to the supremum norm.

Consider the differential operator
T:CY0,1] — C[0,1] defined by T(f) = f, where f € C*0,1].

We can easily verify that T is a linear operator, but T is not bounded. To
illustrate this, let us consider the sequence of functions {f,} c CW[0,1]
defined by:

fo(t) =sin(nnt), 0<t<1.

Then, the derivative is given by:

T(fn) = f.(t) =nmcos(nmt), 0<t<1.
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e Supremum norm of f,:

Ifull = sup [fu(t)] = sup [sin(nmt)| = 1.
0<t<1

0<t<1

o Supremum norm of T(f,):

ITCf)ll = 1full = sup |na cos(nat)| = n.
0<t<1

3. Let H be a complex, separable, infinite-dimensional Hilbert space. Let
(en) be an orthonormal basis of H and (\,) a sequence of non-zero com-
plex numbers. We define two operators A and B on H by

Az = Z Az, en)e, and Bz = Z M N, en)en,  forallz € H.
n=1

n=1

1. Show that A € L(H) if and only if (\,) is bounded.
2. Assume that (N\,) is bounded and inf,, |\,| > 0.
(a) Find ||A].
(b) Show that B € L(H) and compute Ae,, and Be, for alln € N.

Solution

1. Proof: A € L(H) if and only if (\,) is bounded.

Recall
(a) L(H) := L(H, H) is the space of bounded linear operators from
H to H.
(b) (en) is an orthonormal basis of H, which means
i. (ey) ts orthonormal: For all n and k, (e,,e,) = 1 and

(en,ex) =0 for k # n.

ii. (en) is total (see the definition).

i. Assume A € L(H) and show that (\,) is bounded:
Let n > 1 (fized). Since Az =32 Me(w, ex)ex, then

[Aex| = Z Ak {€n, €x)ex
k=1

= )\n<ena en>€n + Z )\k<€n7 ek>€k
k=1,k#n

21
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Using (en,en) = 1 and (e,, ex) =0 for all k # n, we get
[Aenll = IAnenll = [Anlllenll = |Anl,

since ||en] = v/{en, en) = 1.

Moreover, as A € L(H), we have ||Ae,| < ||Allllen] =
|All. Thus, |A\,| = ||Aen|| < ||Al|. This shows that (\,) is
bounded by || Al|.

. Assume (\,) is bounded and show that A € L(H):

(a) Since (N\,) is bounded, let M = sup,, |\,| < oco. Recall
that if (e,) is an orthonormal sequence in a Hilbert space
H, then the series Y cpe, converges if and only if
>0 lenl? converges. Furthermore, we have

oo 2 o0
chen = Z‘C”P' (1%)
n=1 n=1

(b) A is well-defined: We need to show that Ax =Y | Ay (x, en)en
converges for x € H. That is, the series Y-, \py(z, €y)
is convergent. For this, it suffices to show thaty o | |An(x, e,)[?
converges. For all k, we have

k

k 0o
Z An (2, en)]? = Z IAnl?[(z, en)? < M? Z (2, en) [,
n=1 n=1

n=1

where (e,) is an orthonormal basis of H. By Parseval’s
identity, > o7, (@, en)|* = ||lz||*. Thus,

k
Y e, en)” < M2 (2%)

n=1

This implies that the sequence (Zi:l \)\n<x,en>]2> is
k
bounded and hence convergent.

(c) A is linear and bounded: The linearity of A is immediate
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from its definition. To show boundedness, note that,

Z /\n<x; en>€n

n=1

= Z A2, en)]?
n=1

<MY |, en)?
n=1

= M?||z||?, for anyx € H.
Y

2

1 Az|* =

Thus, ||A|| < M < oo, so Ae L(H).

The Bounded Linear Operator Theorem establishes a relationship between a
linear operator’s boundedness and continuity. It says:

Theorem I1.2. [/] Let (E,||.||), (F,||.||) and be two normed spaces, and let
T e L(V,W). T is continuous if and only if it is bounded.

Proof. 1. The condition is necessary: Since T is continuous, in particular
at zero,

Ve>0, 3p>0 |lz|| <p=|T(x)| <e.

Let us set € = 1 and let us define, for all  # 0, z = P

2=l
We have ||z|| = g < p, S0,

p P 2
T (—:v) <15 L@ <12 1T@)] < 2z,
2] 2] ,

Hence, T' is bounded.

2. The condition is sufficient. For all x,y € E, we obtain

1T () =Tl = [T(z = y)ll < Clle -yl

Therefore, T is Lipschitz continuous.

23
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Below are key properties of bounded linear operators:

Lemma II.1. [}/ Let T € L(V,W). The following assertions are equivalent:

1. T is continuous on V.

2. T 1s continuous at zero.

3. T s uniformly continuous.

Proof. 1. 1= 2: Obvious.
2. 2 = 3: The fact that T is continuous at zero implies that
Vo e By ||A()]| < O]
This yields
Vo,y € By [|A(z) — A(y)l| < [[A(z — )| < Cllz -yl
Thus, T is uniformly continuous..

3. 3= 1: Trivial.

Notations
1. The set of bounded linear operators from V' to W is a vector subspace

of L(E, F), and is denoted by L(E, F).

2. Similarly, the linear functionals on V' form a subspace of the algebraic
dual space V*. This subspace is denoted by V' and is called the topo-
logical dual of E.

3. Finally, note that if V' = W, then L(V, W) = L(E).

Theorem I1.3. The map ||.| : L(E, F) — R defined by

1All = sup {|A()[l; = € E and ||z <1}
= sup [|A(z)]]

[l=]|<1

is a norm on L(E, F)

24
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Proof. 1. For Ae L(E,F), |A| > 0.
If ||A]| =0, then Az =0, for all x € E. Indeed, for = # 0,

IA()] = || HA(@) .50 A(z) = 0 on E, hence A = 0.

2. For all A € K, ||MA]| = |A||]4]|, since

[AA[l = sup [[AA(z)]| = |A||Sup [A@)]| = [ALIA]-

ll=lI<1 |zl <1

3. For all z € E, such that ||z|| < 1, it holds that

1A+ B) ()] [A(z) + B(z)|
[A@) + [1B()]]

AL+ 1B

<
<

Therefore, |A+ B| < ||A]| + || B]].

m
Proposition I1.1. Let T be a bounded linear operator. Then, we have
[A()]l
[All = sup [[A(z)]| = sup [[A(z)] =su
Jall<1 Jall=1 20 ]
=inf {M; [|A(z)| < M||z|, pour tout x € E}.
Proof. See [4]. O

Example I1.3. Let

7:((CO0R) ) — ((C01R).] )
fo @ = [ s

. Determine the norm of T.
Solution

. Let’s show that ||T|| = 1.
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vf € ((C10.1R): ).

IT()llec = sup|T(f)(x)| = sup
[0,1] [0,1]

/0 ’ f(t)dt‘

1 1
/U@WSprM/ﬁ=Wm.
0 0<t<1 0

IN

Hence, | T < 1.

. By taking f =1, then f € <(C[O, 1],R), HHOO) and we get

17l = m>/ﬂw4
0<z<1 0
= sup |z| =1
0<z<1

As a result ||T'|| > 1. In conclusion, ||T|| = 1.

Theorem I1.4. [6] Let (E,|.||1) be a be a normed space and (F,||.||2) a
Banach space. Then L(E, F) is a Banach space.

Proof. 1t is already known that L(FE, F') is a normed space. It’s remains to
prove that L(FE, F') is complete.
Let {An, n e N} C L(E, F) be a Cauchy sequence. Then,

|A, — Anll <€, if m,n > Ny(e).
For a fixed z, we have
[An(z) = Am(2)[l2 < |An — Amllllzlly < €llzlly, n,m = No(e).

This shows that {4,(z),n € N} C F is a Cauchy sequence for all z € E.
Now, (F,||.||2) is a Banach space, so {An(:zr)}n is convergent for all z € F.
We define the operator A : E — F as follows

A(x) =lim A,(z), forallz € E.
Let’s show that for all z,y € E,a, 5 € R
Alax + By) = limA,(ax + fy) = alim A, (z) + flim A, (y)
= ad(z) + A(y),
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On the other hand, we have
[An(2)[|l2 < Ml|z]|y V€ E,

This leads, as n — oo, to [|A(x)||2 < M||z|l1, Vo € E, and thus A € L(E, F).
Finally, let’s show that A, SENyY
If m,n > Ny(€), © € E, then

[An(z) = An(@)|| < [[Am — Aullllz]ly < ellzllr, ifm,n > No(e).

This gives

JA— Al <e ifn> No(e), ie A, 15 4

]

Corollary I1.1. Let (E,||||) be a normed space. Then the topological dual

space E' is a Banach space.

Proof. The completeness of the space E’ comes from the fact that K is com-
plete. O

I1.3 Extension by continuity

We remind the lecture of the result presented by the following theorem.
Reminder

Theorem I1.5. [9] Let (E,d) and (F,p) be two metric spaces with F' com-
plete and X be a dense subspace of E.

If f: X — F is a uniformly continuous operator, then f can be uniquely
extended to a uniformly continuous operator from E — F.

Proof. Let f: X — F be uniformly continuous.
If x € X, there exists {a,}, C X such that lima, = z.

Thus, {a,}, is a Cauchy sequence in X and since f is uniformly continuous,
then {f(an)}n C F is a Cauchy sequence, which implies the existence of

y € F such that lim f(a,) =y.

We define
9(x) =y = lim f(ay).
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. g is well-defined.
Indeed, Suppose that a,, — x and b, — .

Let’s show that
117511 fla,) = 117511 fbn) =y.
d(an, b,) < d(an,z) + d(b,,z) = 0, when n — oo.
And since f is uniformly continuous, we have
p(f(ay), f(bn)) — 0 when n — oo.
Which gives
p(f(bn),y) < p(f(an), f(bn)) + p(f(an),y) = 0, when n — oo,
thus lirrln f(bn) =y, and g is well-defined.
. Now, we show that g is uniformly continuous on E.
Since f is uniformly continuous on X.
Ve >0, 30 > 0, Vo, 29 € X;d(x1,22) <0 = p(f(21), f(22)) <€

Let x,y € E, then there exist sequences (a,)n, (bn)n C X, such that
lima, = x and limb, = y.

Ifnd(x, y) < 4, then d(a,,b,) < d(a,,z)+d(z,y)+d(y,b,) <0, for sufficiently large n .

Which implies that, for sufficiently large n, p(f(a,), f(b,)) < € Thus,
p(9(x), 9(y)) = Tim p(f(an), f(bn)) < e.

Therefore, g is uniformly continuous.
We assume that there exists another extension h, such that

hla=f=y
for x € X, there exists (a,) C X such that a, — =.

Thus,
g(x) = h};ﬂg(an) = liTan h(a,) = h(zx)

O

Now, let’s present a result that goes in the direction of the extension theorem
mentioned below.

Lemma I1.2. [9] let Ey be a subspace of a normed space E, F a Banach
space, and Ay : Ey — F a continuous linear operator. Then, there exists a
unique continuous linear extension A of Ay on Ey such that || Al = || Ao]|-
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Proof. Ay is uniformly continuous because Aj is linear and continuous. There-
fore, by Theorem (I1.5), there exists a unique uniformly continuous extension

A of Ay on E.

. Let’s show that A is linear.
Since A(z) = lim Ay(a,), one has

Alax + By) = lim Ao(aa, + Bby)
= alim Ay(aa,) + B lim Ay(ab,)

= ad(z) + BA(y).
Hence, A is linear.

. Now, let’s prove that A is bounded.
Since

[AG@)[ = Tim [[ Ao (an) || < [[Ao|[lim [jan[] < [ Ao[[[2]]-

Thus, A is bounded and

[A]l < [ Ao][- (11.3.1)
On the other hand,
[Aoll = sup [[Ao(z)[| = sup [[A(z)]
l=)| <1 lz)| <1
z€Eo z€Ey
< sup [|[A(2)]| = || Al (I1.3.2)
[|l[|<1
zeFy

Form (I.3.1) and (II.3.2), we obtain
[A[l = [l Aol

]

The following result specifies the relationship between the finite dimension of
the space and the continuity of the operator.

Theorem I1.6. Let E, F be two normed spaces and A : E — F a linear
operator. If dimFE < oo, then A is continuous.
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Proof. Let E be a finite-dimensional vector space and {ej, e, ..., e,} a basis

of E. Then, for all x € F, m:inei, r;€Kandi=1,2,...,n,

i=1

lA@I < Y lwlllAen)ll < max [ A(e)l| Y |
i=1 1=1

= max [[Ale))[[[7]loc < K|]|oc-

II.4 Pointwise convergence and uniform conver-
gence

I1.4.1 Pointwise convergence

Definition I1.4. A sequence of functions (f,), defined on a set E converges
pointwise to a function f iff, for each x € E, the sequence (fn(x)), converges
to f(x). In other words, for every x € E, we have

li7rln fo(x)dx = f(z).

This means that for each point x € F,

fulw) 2 f() = V€ B, lim fy(2)de = f(x).

Example I1.4. The sequence of functions f,(x) = z" converges pointwise to
the function

Jo dfo<a<u,
f(x)_{l ifrv=1.
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I1.4.2 Uniform convergence

Definition I1.5. A sequence of functions {f,} defined on a set E converges
uniformly to a function f if, for every e > 0, there exists an integer N such
that for all n > N and for all x € E, we have:

|fulz) = f(2)| < e
That 1s:

uniformly
fo ——

f <= Ve>0,INeN,Vn> NVe e E, |f.(x)— f(z)|<e.

Example I1.5. Study the uniform convergence of the sequence of functions,

defined on [0,1], by:

ne~* + 2
) = =

1. Pointwise convergence: f,(x) — f(z) = e~ ", because

ne- %

lim f,,(z) = lim =e "
n n n
2. Uniform convergence:
ne " +a? ne " +x? —ne " —xe ”
() — f(x)] = | ———— - =
o)~ f)] = | e
_ x(r —e™™) <|m|+e §2—>0-
n+x n+x n n

Thus, f, converges uniformly to e=* on [0, 1].

As a consequence of uniform convergence, we obtain the following main results.
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Uniform Convergence and Continuity

Proposition I1.2. If {f,} converges uniformly to f, this means that for
any € > 0, there exists an integer N such that for all n > N and for all
x € F, we have

[fnlz) — fz)] <e.

Now, if each f, is continuous, and f, — [ uniformly, then the limit function
f must be continuous. This follows because, for any xo € E and any € > 0,
we can find an N such that for alln > N, we have

| fu(zo) — fz0)] <€

By the continuity of each f,, for x near xo, we have

| fu(®) — fulzo)| <e.
fore, the uniform convergence ensures that the continuity of each function f,
passes to the limit function f.

Example I1.6. The sequence of continuous functions defined by f,(x) = z"
does not converge uniformly on [0,1], because f, converges pointwise to f

defined by:
(1 difr=1,
f(x)_{o if0<z<l,

which s not continuous.

Uniform Convergence and Integration

Proposition I1.3 (Integration of the Limit Function). If f,, converges uni-
formly to f on [a,b], then the integral of f, converges to the integral of f
over the same interval. That is

lim bfn(x) dx = /b f(z)dx.

Proposition I1.4 (Convergence of Integrals). Uniform convergence ensures
that the integrals of the sequence f, converge to the integral of the limait
function f. This follows from the Dominated Convergence Theorem, which
states that if f, converges uniformly to f, then

b b
/fn(w)dx%/ f(z)dz as n — oc.

32
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Proposition I1.5 (Pointwise Convergence). If the convergence of f, to f
is only pointwise (not uniform), then the integral of f, may not converge to
the integral of f. In such cases, additional conditions like the Dominated
Convergence Theorem or the Monotone Convergence Theorem are needed to
guarantee the convergence of the integrals.

Example I1.7. Let f, : [0,1] — R be defined by

[ n*z(l—nz) forze|0,1],
fl@) = { 0 otherwise.

1. Study the pointwise limit of the sequence of functions (f,)nen-

1
2. Compute/ fu(t)dt.
0

Is there a uniform convergence of the sequence (fn)nen?

Solution.
1. For x = 0, we have f,(z) = 0.
For x €]0, 1], there exists Ny such that i < Ny, so for all n > Ny, we
have f,(z) =0 — 0.

Thus, the sequence of functions converges pointwise to 0 on [0, 1].

5. / fn(t)dt_%.

If there had been uniform convergence of the sequence of functions

1 1
(fn)nen, we would have / fult)dt = / Odx = 0.
0 0

This is not the case, so there is no uniform convergence.

Uniform Convergence and Differentiability

Theorem I1.7. Let (f,), be a sequence of functions, taking values in R or
C, defined on an interval I.

We assume that all the f,, are of class C* and that there exists g: I — R
satisfying the following conditions:

. There exists xo € I, such that the sequence (f,(zo))nen converges.

. The sequence of functions f| converges uniformly to g on every subin-
terval contained in I.

Then, the sequence (fy)nen converges uniformly on I to a function f, con-
tinuously differentiable on I, such that f' = g.
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Example I1.8. Let (f,)nen be the sequence of functions defined on [—1,1]
by:
x
@) = T

1. Show that (fy)nen+ converges uniformly on [—1,1] to 0.

2. Consider the sequence g, defined on [—1,1] by

In(1 + n?z?)
gn(x) = T oz

Show that (g, )nen+ converges uniformly on [—1,1] to 0.

Solution
(fn)nen= converges pointwise to 0.

1. We will study the function
|z
ho(z) =fn — 0| = ——.
@) =1 =0l = T2y
Since the function is even, we can restrict the analysis to [0, 1], thus we
have
x

hl®) = T

and
1 — n2z?
/ e
fin () (1 + n2x2)?

It follows that
1

sup |h,| =— —0asn — occ.

0<a<1 2n

Thus, the sequence converges uniformly to 0 on [—1,1].

T
> 0= 1o = )

Therefore, g, converges uniformly on [—1,1] to 0.
According to the differentiation theorem, the sequence (gn)nen+ converges uni-

formly to 0.
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I1.5 Invertibility of an operator

Definition I1.6. An operator T is said to be invertible if there exists another
operator T~ such that

TT'=7"'T=1,

where I 1s the identity operator.

Definition I1.7. Let E be a Banach space. We recall that an operator
T € L(F) is invertible if it has an inverse in L(E), i.e.,

35 € L(E) such that ST =TS =1,

where I denotes the identity operator on E.
We denote by GL(E) the set of invertible operators.

Example I1.9. Let £ = [5(R) = {(z1,22,. .., Tny...); D 5oy 7 < 00}, and
define the operator T : E — F by:

T(x1, 29, ..., Tpy...) = (0,219,209, ..., Tp,...), YT =(p)p>1 € F.

Then, T is injective and T~ € L(T(FE)), but not in L(E), so T is not invert-
ible.

Theorem I1.8. [1//[Open Mapping Theorem| Let X and Y be Banach
spaces and T : X — Y be a continuous linear operator. If T is surjective,
then

dec > 0, such that By (0,¢) C T(Bx(0,1). (*)
In particular, T is an open map, meaning that for every open set U C X,
the image T'(U) is an open set in Y.
The (*) property implies that
dec > 0, such that By (0, Rc) C T(Bx(0, R)). (**)

Indeed,

Il <r= |2 <1=3zeBx(0,R): L =T(x),
T T

which gives
y=T(rz)=T(z); z¢€ Bx(0,R);

thus By (0, Rc) C T(Bx (0, R)).
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Proof. Show that T is open. Let U be a non-empty open set in X. Let
yo € T(U). Then there exists xy € U such that yo = T'(x).
There exists r > 0 such that Bx (0, R) C U. We have

Yo+ T(Bx(0,R)) = T(xo) + T(Bx(0, R))
zo+ Bx (0, R))

On the other hand, we also have:
By (yo, Re) = yo + By (0, Re) C yo + T'(Bx(0, R)) C T(U).

]

Theorem I1.9. [1//[Banach isomorphism Theorem| Let E and F be
Banach spaces and let T' : E — F be a linear, continuous, and bijective
operator. Then, T~ is also continuous (and so T is a topological isomor-
phism).

Proof. Since A is bijective, A1 exists.

By Theorem I1.8, A is an open map. Thus, for any open set G in E, A(G) is
open in F.

Hence, A™! is continuous, since (A™')71(G) = A(G) is open. O

Proposition I1.6. [7] Let (X, ||-||x) be a normed vector space over K, E be
a Banach space over the same field K, and T € L(E, X) be bijective. Then
the following statements are equivalent:

1. TV e L(E, X).

2. There exists C > 0 such that for all z € E, ||T(x)|| > C||=||.

3. (X, || |lx) is a Banach space.

Proof. . Suppose T~ is continuous. Then
Vo € B, |T7H(T(2)|| < 17717 ()]]-

Thus,
Vo € B, |T(2)llx > 1T |z[ls-

Let C' = [|T~!{|7!, which shows statement 2.
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. Let (yn)n>1 be a Cauchy sequence in X. Since the operator 7" is bijective,

there exists a sequence (z,),>1 C E such that, for all n € N,
Tz, = yn.
Now, by statement 2,
1
[p — @]l < EHZ/p — Y-
Thus, (x,),>1 is a Cauchy sequence in E (Banach), and x,, L, . Since

T is continuous, we have Tx,, X Tre X, Therefore, y,, converges to
Tx € X, and we deduce that X is a Banach space.

. The Banach isomorphism Theorem (I1.9) completes the proof.

O

Corollary I1.2. Let (E, ||.||), (Y,||.]|) be two Banach spaces over K, and let
T € L(E,Y). Then, the following properties are equivalent

1.

2. T is injective and Im(T) is closed in'Y .

There exists C' > 0 such that for all x € E, |T(z)|| > C||z|.

Proof. We set X = Im(T).

. T is injective because Ker(T) = {0} (x € Ker(T) implies that ||T'(x)| =

0> Cllz]]).

Consequently,

T is a bijection from E onto X. According to Proposition (I1.6), X is a
Banach space and thus closed in Y.

. Now, if T is injective and X is closed in Y, then T is a bijection from

E onto X, which is a Banach space. Proposition (I1.6) states that there
exists a constant C' > 0 such that, for all x € F,

1T ()| = Cll]]-

This proves the Corollary.
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Chapter II. Theory of Linear Operators

I1.6 Topological dual of a normed vector space.

Definition I1.8. Let E' be a normed space. The space L(E;R) of all linear
bounded functionals f : E — R is called the dual of E and it is denoted by
E*. The norm on E* is therefore defined by

/]

g = sup |f(z)| = sup [f(z)]

=<1 flzf|=1

Example I1.10. In the space [,(R) = {(xl,x%...,xm...); Z |z < oo}7

lete,=(0,...,0, 1 ,0,...) €1,

n

x = (r1,%2,...,Tn,...) and the sequence &, = Z:L’Z-ei = (1,22,...,2,,0,0,...).

Then
1
|z = &allp, = Z |xz|p p
i=n+1
o
and since | Z |25|"] converges, we have for any € > 0, there exists N(e)
i=n—+1

such that ||x — &,||, < € forn > N(e).
Let f €l and y; = f(e;) € K.
Thus, [yi| = |f(ex)] < I lllle:ll < [I£1]

From the relation

f(ZE - fn - szf ez (ZL’) - Zl‘iyzﬁ
=1

we get

@ =&) < [fllllz = &ll < || flle, for alln = N (e).
Thus, f(x szyz

. Let us show that {y,}, is a set in I, where ¢ = . P > 1.
p—
Let
Zi =
vt
u if yi # 0.

i
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I1.6. Topological dual of a normed vector space.

n

We define ¢, = Z z;e;. Then, we have
i=1

n

I6ally = [ > 12if"]

i=1

1

= Zlyll”“ 7r = Z!yz 1"

'B\H
’B

Since f((n) = Zzlyz Z lyi|?, we obtain
i=1

STl = £G) = 1 Gl < Il
=1
=AYtk
=1

_ 1
Hence, [Z li|]* < || f|l, and by passing to the limit, we have

(S w47 < £
=1

In other words, y = {yn} € l, and || f]| > ||lyll,-
On the other hand, Hdélder’s inequality gives us

forxel, f(z)= anyn < [lzllpllyllg,
=1

which, implies || f|| < |[yll,-
In conclusion, ||f|| = [lyllq-

Example I1.11. Let ¢; denote the space of infinite sequences (x,) such that
S0 el < oo We equip it with the norm ||z|l; = Y oo |wal. Let lo
denote the space of bounded infinite sequences (x,,). We equip it with the norm
|Z]|co = SUPen |Tn|. We claim that the dual of ¢y is isometrically isomorphic
to Lo

Solution

The isometric isomorphism is given by

T:l— (01)", a—T,:0 =R, 3:&—>Zan:vn.

. The linearity of T, in x and the linearity of T in a are clear.
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Chapter II. Theory of Linear Operators

40

. The continuity of T, in x follows from the following inequality

[e's) [e's) 00
ITo@)l = anwn < lanaa] < lwallanlllaly < llally [l
n=1 n=1 n=1

. The surjectivity: let e; = (1,0,0,...), e =(0,1,0,0,...), and so on.

The set {eq,ea,¢€3,...,} is a Schauder basis of (. If v = (x1,79,...) €
(', the series Y oo | Tpe, converges in the ¢* norm to x because

n
lz = wrexlh (21, @y Tnts =) — (21, 20, 0,0, )11
k=1
= H(Ovoa"'707$n+17xn+27-")|’1
(o)
= ) ml — 0.
n — o0
k=n+1

If now f € ((Y)x, then f is linear and continuous and so

flx)=f (Z xnen> = anf(en).

Let a, = f(e,). Since f is bounded, the sequence (a,) is bounded and
so, a:= (ay,as,...,ay,...) € (. Thus

flz) = Zanxn = (To)(z).

It follows that f =T,.

. The isometry:

[(Ta)(@)|| < llalle [zl

It follows that ||Tal| < ||al|lx. On the other hand, by property of supre-
mum, There ezists k € N such that |ay| > ||al|a — €.
A simple calculation leads to

[Tall < |[(Ta)(er)l| = lar| < laller -

Since k was arbitrary, we get ||[Tal| < ||al|z.
ITall = [[(Ta)(ex)|| = la| = [lalle= —¢.

Since € was arbitrary, we get [|Tal|| > ||al|g<. Which completes the proof.



I1.7. Bidual. Reflexive space.

Theorem 11.10. [9/[Riesz Representation Theorem] Let F' be a linear form
on LP(E) = {f : E — R; f is measurable and [, |f|Pdz < 0o}, 1 <p <
co. Then, there exists a function g € LI(FE), ¢ = p%l, such that

/f x)dz, for all f € LP(E).

Moreover, |[F|| = lg]|-

Proof. See [9]. O

Remark I1.2. Let 7: L,(E) — (L,(E))" be defined by:

(7(9).J / fa

Then, T is an isomorphism and isometric (linear, bijective, and an isometry).

I1.7 Bidual. Reflexive space.

Definition I1.9. Let E be a normed space and E' its dual, which is also
a Banach space. Then, (E'), also denoted as E", which is the space of
continuous linear functionals on E', is a Banach space known as the bidual
of E. The norm of F in E" is defined as follows:

F
1Pl = suwp [P = swp T g p(p)l
11l <1 20 reer IFI 1=t

For each v € E, we define F,, : E' — K by:

Fo(f) = f@) = (f,x).
We have the following result.

Theorem 11.11. The canonical mappz'ng F : E — E" of the normed space
E into its bidual, defined by F(x) = F,, is linear and isometric.

Proof. First, let’s show that F is linear.

. For all z1,20 € F,

Vf € El? (331 + x?) f) = <F(m1+x2)7f> = f(xl + m?)

(F
(F ( 1), f) + <f(962)7f> = (F(z1) + F(22), f).
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Chapter II. Theory of Linear Operators

Therefore, F(z1 + x2) = F(x1) + F(x2).
. For fe E',zx € E, and A € K, we have
= M, [) = (F(2), f) = (M (=), f)-
Therefore, F(Ax) = A\F(x).

Next, let’s prove that F'is an isometry.
For any z € E,

F@ = sp B @ 1l

< = ||z]|.
0, fer | f]] 20, ferr FIl = pz0, jemr |1 f]]

On the other hand, according to Corollary (I1.2), for every x € E, there exists
fz € E' such that ||f,|| =1 and f.(x) = ||z||.

[E @) = [F(x)(fe)] = |l

Hence, ||F(z)|| = ||z||, and F is an isometry. O

Definition I1.10. A space E is said to be reflexive if Im F = E". We write
E = E" and say that E and E" are equivalent.

Example I1.12. LP(E), where 1 < p < 0, is reflexive.

(LX(B)) = (L(E)), with %+%:1 and (LA(E)Y = IP(E).

Thus, (L*)"(E) = L?(E).

Theorem 11.12. A Banach space is reflexive if and only if its bidual is
reflezive.

Proof. See [9]. O

Reflexivity of Hilbert Spaces

’Theorem 11.13. Every Hilbert space is reflexive.
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Proof. We will show that the application J : E — E” defined by
J(x) = f(z), VfeE

is surjective.

Let H be a Hilbert space and G € H”. For every vector a € H, let L, denote
the linear form on H defined by L,(z) = (x,a). Define ¢(a) = G(L,), then ¢
is a continuous linear form on H. By the Riesz theorem, there exists y € H
such that ¢ = L,.

Let f € H' such that f(a) = L.(a) for all a € H. Then, we have

G(f) = G(L.) = v(2) = (y,2) = fy) = J(y)(f).

Thus, J is surjective on H”. H

Reflexivity of Finite-Dimensional Spaces

’Theorem 11.14. Every finite-dimensional normed vector space is reflexive. ‘

Proof. 1f E is a finite-dimensional space, we have:
dim(E) = dim(E’) = dim(E"),

On the other hand, the linear application J from F to E”, which is injective,
is therefore bijective. As a result, E is reflexive. m

I1.8 Conjugate operator

Let (E,|| - ||) and (F,| - ||) be two normed spaces over the same field K, and
let L(E, F) denote the normed space of linear and continuous operators.

Theorem I1.15. For any A € L(E, F) and any continuous linear functional
y' € F', the mapping

. EFE—K
x> ' (z) = y'(A(z))

1 a continuous linear functional.
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Chapter II. Theory of Linear Operators

Proof. ' is linear since for all o, 8 € K and z,y € F', we have

o(ax+ By) = Y (Alax + By))
ay'(A(z)) + By (Aly))
= a2'(z)+ B2 (y).

Moreover,

|2 (2)] = ly" A(@)] < [y,

which gives
[ < "I All

i.e., ' is bounded. n

Theorem I1.16. The map A’ : F' — E' given by
A/y/ — x/

18 a continuous linear operator.

Proof. 1t is evident that A’ is linear.
Moreover, for all x € E,y € F”;

(W) (@)] = [y" A=) < lII1TANl,

thus
1A' O < 1Y IHIALL
We conclude that A’ is continuous and that || A’|| < ||A]|. O

Definition II.11. The operator A’, as defined, is called the conjugate op-
erator or adjoint of the operator A.

Theorem I1.17. Let A€ L(E,F). Then

[A] = [JA"].

Proof. We have already seen that ||A’|| < ||A].
Moreover, if A =0, then A’ = 0.
Assuming that A # 0, for all x € F and ¢y’ € F’, we have

A (W) (@) = [y (A=) < AT N1l (I1.8.1)
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I1.8. Conjugate operator

Let us fix x € F such that A(x) # 0.
According to the Hahn-Banach theorem, there exists ¢ € F” such that

Il = 1 and y'(A(z)) = [|A(z)]].
From relation (I1.8.1), we obtain
A < [IA][[l]]-
Thus, [|A[] < [[A]]. O

Properties

Let E, F, and G be normed spaces over the same field K. Then the following
properties hold.

1- Forall A,B € L(E, F),
(A+B) =A"+DB.
2- Forall Ae L(E,F) and B € L(F,G),
(AoBY =B'o A'.
3- Forall \e Kand A € L(E,F),
(AA) = A"
4- If I is the identity operator from F — FE, then I’ : E' — E’ satisfies
I'y)y=4', Y eF.
5- If Ae L(E,F) and A™' € L(F, E), then (A™!) exists and
(A7) = ()™
Proof.  1- For all x € F and y' € F’, we have

(A+B)(Y)(x) = ')A+ B)(z) =y(Alr)) +y'(B(x))
Ally )( ) + B’(?/)(l’)
= (AW)+B'W))(@).
Thus, (A+B)' (v') = A'(y')+ B’ (y) for all ' € F'. Since /' is arbitrary,
it follows that
(A+B) =A"+ B
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Chapter II. Theory of Linear Operators

(Ao B)(y)(x) = (¥)(AoB)(x) =y (A(B(x)))
= A(Y)(B(x)) = (A0 B)(y)(x),

forall 2 € F and y € F'. Thus, (Ao B)' = B’ o A'.

(M) (¥)(z) =y (AA(z)) = Ay (A(z)) = AA(y) (@),
forall \ e K,y € F', and x € E.

I'(y'(x)) =y (I(x)) = y'(2),
thus I’ is the identity operator on E'.

Assume that A™! € L(F,E). We will show that A’ is injective. Let
A'(y))(z) = A'(yh)(z). For all z € E, we have

0= A'(y) — v5)(x) = (1 — ) (A(2)).
This implies (y; —v5,y) =0, Vy € F. Thus, y; = y5 and A’ is injective.

We will show that A’ is surjective. Since A™' € L(E,F), there exists
(A71)". Now, for every x € E such that x = A~y and y € F, and for
f € E’, we have

fl@) = fAD) = Ay
(

Thus,

F=A(AY7), (I1.8.2)
ie., f € R(A") = E" and A’ is surjective.
From relation (I1.8.2), we have

A((AYY =Ty and (A1) =(A)7"
O

Theorem I1.18. Let {A,; n € N} C L(E, F) be a sequence that converges
in norm to A € L(E,F). Then the sequence {Al; n € N} converges in
norm to A’
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I1.9. Compact operators

Proof. We have,

1A, = Al = [|(An = A)'[| = [|An — Al

II.9 Compact operators

Definition I1.12. A linear operator A : E — F' is compact if it transforms
every bounded set M into a relatively compact set in F.

i.e. YM C E, M bounded; A(M) is compact.
We denote by K(E, F) the set of compact operators.

Remark I1.3. Let A: E — F be compact. Then A is continuous.
Indeed, let M be a bounded set in E. Then, A(M) C A(M), so A(M) is
precompact, and consequently, A(M) is bounded. That is, if A is compact,

then A is continuous.

Lemma I1.3. Let E, I be two normed spaces and A : E — F a linear
operator.

A is compact if and only if from every bounded sequence (uy)nen in E, one
can extract a convergent subsequence from the sequence (Auy)nen in F.

Proof. Let M be a bounded set in E and (v,,)neny C A(M). Then, there exists
(Wn)neny C A(M) such that

1
v — wn| < =, w, = A(u,) and (uy)ney C M.
n
Thus, (wy)nen has a convergent subsequence {Au,, } such that

Wy, = Au,, —> v € F.

Therefore,
lone = vl < NJom, = wae |l + llwn, —vll, —> 0,

which implies v, —v and A(M) is compact.

Conversely, let (u,)nen be a bounded sequence. We have {Au,}, C {Au,}a,
which is relatively compact, so there exists a subsequence such that Au,, —
vekF. O

47



Chapter II. Theory of Linear Operators

Proposition I1.7. A is compact if and only if A(B) is relatively compact.

Proof. Let (uy,)nen be asequence in B. Then, it is bounded and, by the lemma
(IL.3), there exists a subsequence {u,, } C {u,} such that Au,, —vE€ A(B),

thus A(B) is relatively compact.
Conversely, Let A(B) be relatively compact. If {u,} is bounded, then |ju,|| <
M for all n € N, and [|42|| < 1.
Thus, {4} C Band A (%) C A(B), which gives
Up,,

A (ﬁ) — v € Fand A(uy,) — Mv in F.

Hence A is compact. O]

Definition I1.13. Let C(E, F) be the set of all continuous functions from
the metric space (E,d) to the metric space (F,p) and § C C(E, F). We say
that § is equicontinuous at x if

Ve,30(z,€) > 0,Vy € E, d(z,y) <0 = p(f(2), f(y)) <€, V[ €T.

Theorem 11.19. [9] [Arzela-Ascoli Theorem| Let (E,d) be a metric space
and (F, p) a complete metric space. Then, a subspace § C C(E, F) is rela-
tively compact if and only if § is equicontinuous and, for every v € E,

F(x) ={f(z) C F, forall f €F}

15 relatively compact.

Corollary 11.3. [9/ Let E be a compact space. A space § C C(E,RY) is
relatively compact if and only if § is equicontinuous and uniformly bounded.

Example I1.13. Let f, : [a,b] — R, n = 1,..., be continuous functions
that satisfy |fn| < M and || f.|| < k on [a,b]. Then,

vn, Vi, y € [a,0]; [fu(2) = fu(y)] < klz =y

and
€

Ve > 0, 3525, Va,y € [a,b]; |[x —y| < ?

2 = |fulz) = fuly)| <6, n=1,...

i.e. {fu}n is equicontinuous and uniformly bounded, hence relatively compact.
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Example 11.14. Let U = C([O, 1],]R), K:U—U,

Ku(z) = / Bz, y)u(y) dy,

where k(x,y) is a continuous function on 0 < x,y < 1. We want to show
that K is compact. Let Sy C U be a bounded set. Then, Yu € Sy; |u|| =
SUP,epo,1) [w(z)| < N and for every x € [0,1], u € Sy, we have

Kol = | [ ke )

< / k() Ju(y)| dy < MN.

So ||Ku|| < MN and K(Sy) is uniformly bounded.
On the other hand,

Vi, @9 € [0,1], u € Sy, |x1 — 22| < 0,

Ku(z)) - Ku(w)| < / k(1,y) — k(o) llu(y)| dy

u d .

Thus, {Ku,u € Sy} is equicontinuous, which implies that K (Sy) is relatively
compact and consequently, K is compact.

Theorem I1.20. 1 Let E and F be two normed spaces and Ay, Ay :
E — F be compact operators. Then, A = aAy + Ay, for alla, p €
K, is also compact.

2 Let E, F, and G be normed spaces and A: E — F and B: F — G
be linear and continuous operators. If one of the operators is compact,
then the composition Bo A: E — G is also compact.

3 Let F be a Banach space. If the sequence of compact operators { A, :
E — F}, n=1,2,..., converges in norm to the operator A : E —
F, then A is compact.

Proof. 1 Let {u,}nen be a bounded sequence. Then, there exists a sub-
sequence {uyk)} such that Aj(u,m) — v in F and Ay(ugm)) —
vy in F, hence A(uy(pr))) = A1 (Uyp(pr))) + BA2(Up(pr))) —> avr + Bg
Therefore, A is compact.
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2 Let A be compact and B continuous. If S is a bounded set in F, then

A(S) is compact and, since B is continuous, B(A(S)) is compact and
also closed. The continuity of B implies

B(A(S)) ¢ B(A(S)). (I19.1)

On the other hand,
A(S) € A(S) = B(A(S)) € B(A(S)).
Thus,

B(A(S)) ¢ B(A(S)). (11.9.2)

From equations (I11.9.1) and (I1.9.2), we obtain B(A(S)) = B(A(S)) and
B o A is compact. Now, we assume that B is compact and A is linear
and continuous. If S is bounded, then A(S) is bounded. Since B is
compact, B(A(S)) is compact, so B o A is compact.

Let A(z) = lim,, A, (z), for all x € E. Then A is linear and continuous.
If A, — A, then Ve > 0, IN(e) > 0; |4, — A|| < % n> N.

Let B be the closed unit ball. We want to show that A(B) is relatively
compact. We have, |4, (z) — A(x)|| < [|[A, — Allllz]] < ||An — A <
e, Vo € B, n > N. Since Ay is compact, Ay(B) is compact, hence pre-
compact. This gives Ay(B) C U;_, B(An(2:), ), {zsi = 1,...,n} C

B. Let v € B. Then, A,(z) € B(An(24), §) and we have

[A(z) = A(zp)|| < [[A(z) = Av(@)[| + | AN (2) = An (4]

+ || An(ar) — A(zg)|| <e.

Hence A(B) is precompact and A(B) C |J;_, B(x, €). Therefore, A(B)
is precompact and closed in a complete space, so it is compact.
O

I1.10 Finite-rank operator

Definition 11.14. A linear operator T : E — F between two vector spaces
E and F is called a finite-rank operator if its image T(FE) is a finite-
dimensional subspace of F'.

In other words, T is a finite-rank operator if there exists a finite set of
vectors {y1,Ya, - .-, yn} C F such that any element T(x) for x € E can be
expressed as a linear combination of yi, Y2, ..., Yn-
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Example I1.15. Consider the linear operator T : R® — R? defined by
T(x,y,2) = (x+y,y + 2).

To see that T is a finite-rank operator, observe that the image of T is spanned
by the vectors

T(1,0,0) = (1,0) and T(0,1,0) = (1,1).

Since the span of these two vectors is a finite-dimensional subspace of R?, with
dimension at most 2, the operator T is of finite rank.

Proposition I1.8. [7] Every bounded finite-rank operator is compact.

Proof. Let T € L(E, F') be a finite-rank operator. Since T is continuous, for
every x € Bg, we have ||T'(z)|| < ||T||. Therefore, T'(Bg) is bounded in F', and
consequently, T'(Bg) is also bounded. Moreover, the image Im(7") is closed
because it is a finite-dimensional vector space. Hence, we have

T(Bg) C Im(T) = Im(T).

Finally, T'(Bg) is closed and bounded in a finite-dimensional space, and there-
fore, it is compact. O

Theorem I1.21. [7] Let (H,(:,-)) be a Hilbert space over K, and let T €
K(E,H). Then, there exists a sequence {T,,}nen of finite-rank operators in
L(E, H) that converges to T in L(E, H).

Proof. Let n € N be fixed. If T' is compact, then T'(Bg) is relatively compact,
and there exists k, € N* and y1,...,yx, € H, such that

kn 1

T(Bg) C U B(ys, n—+1)

Let L, = {v1,..., Yk, } be a finite-dimensional vector space, which is closed in
the Hilbert space H, and thus H = L, & L+.

Now, let P, € L(H) be the orthogonal projection of H onto L,. Then,
T, =P, T € L(E, H) is a finite-rank operator, because

dim(Im7},) = dim(Im(P, o 7)) < dim(L,) < k,.
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For all x € B, there exists ig € {1,...,k,}, such that

1
Tr —y,| < ——.
T2 = gl < —

But y;, € L,,, and P, Tz is the orthogonal projection of T’z onto L,,, so

1
Tz — P, Tx|| = dist(Tz, L,) < ||[Tx — ;.|| < ——.
|Ta ~ PaTol| = dist(Ta, L) < |[To = gl < ——

Thus, we obtain

1
Vo € By, |Tx — Tha|| < ——,
v € By, |Ta— Tl < —

which implies

1
T —T,|| < ——, forallne N~
n+1

]

II1.11 Spectral Properties of Compact Operators

Reminder: Let M be a closed subspace of a normed vector space E. We say
that M has a topological supplement if there exists a closed subspace N of E
such that £'= M & N.

Remark I1.4. If M has a topological supplement N, then both M and N are
closed in E. Moreover, if M is finite-dimensional, then M has a topological
supplement.

Lemma I1.4. If T € K(FE), then M = ker(I —T) has finite dimension. In
particular, according to remark (11.4), M has a topological supplement N.

Proof. First, let us note that Br = T'(Br). Indeed, for every y € M, we have
y="T(y). Since M = (ker(I —T))"'{0} is closed in F, and Br = Bg N F, it
is also closed in E. Moreover, since Br C Bg, we have

So Bp is closed and contained in 7'(Br), which is a compact set in E because
T € K(F). Therefore, Br is a compact set in F', and by Riesz Theorem, we
conclude that A is finite-dimensional. m
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Lemma IL.5. Let T € K(E), M = ker(I — T) {0}, and let N be a
topological complement of M. Then, the operator S = (I —T)|y is linear,
continuous, and injective. Moreover, there exists a constant C > 0 such
that, for all x € N, we have

1Sz]| > C|z]. (I1.11.1)

Remark I1.5. According to Corollary (11.2), we deduce that Im(S) = Im(S).

Proof. The map I — T is linear and continuous, and thus S is also linear and
continuous. Moreover, if x € ker(S), then € N and (I — T')(z) = 0, which
implies © € M NN = {0}, so S is injective.

Suppose the inequality (I1.11.1) is false. Then, for every n € N*, there exists
T, € N, such that

1
ISzall < 7]l (L11.2)

It is evident that ||x,| # 0. For n € N* define
Tn

2|

Since T' € K(E), there exists a subsequence T'y,, and z € E such that
TYp, — 2.
k—o0
Now, from (I1.11.2), we have
1 *
| SYn, || < — for all n, € N*.
g

So, that
Ynp = SYn, + TYn, - (I1.11.3)
—00

Moreover, since for all £ € N*, v, € N, we deduce z € N = N.
The continuity of S on N implies that

From (II.11.3), we obtain Sz = 0. But since S is injective, we conclude z = 0,
which is a contradiction because

=l n || = 1.
Il = Jim [l |
Hence, the desired result. O]
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Proposition I1.9. If T € K(F), then Im(I —T) is closed in E.

Proof. Let M = ker(I — T) and N be the topological complement of M.
Suppose that z € Im(I —T'). Then, there exists a sequence (z,)neny in E
such that z, — Tz, — z. Since E = M ® N, for each n € N, there exist

n—o0

(Tn, Yn) € M X N such that z, = z,,+y,. Let S = ker(I —T)|y. Since for each
neN, z, e M =ker(I —T),ie., x,—Tx, =0, we have Sy, = y, — Ty, =
2n — T2y — (x, — Tx,) — 2. By Remark (IL5), we deduce

n—o0

z € Im(S) =Im(S) C Im(I —T). (I1.11.4)

Hence, the desired result. O]

Theorem 11.22. Let T € K(E). Then, (I —T) is injective if and only if
(I —T) is invertible.

Theorem 11.23. Let T € K(F).
1. If E is finite-dimensional, then 0 € o(T).

2. Vo(T) — {0} = o(T) — {0}, and for X € o(T) — {0}, the associated
eigenspace ker(I — T) is finite-dimensional.

Proof. 1. If0 ¢ o(T), then T is invertible in £L(E) and [ = T'T € K(E).
Therefore, I(Bg) = Bg is compact, and by the Riesz theorem, E is
finite-dimensional.

2. A€ o(T)—{0} if and only if A # 0 and (A —T) is not invertible. This
is equivalent to A # 0 and (I — A7'T) is not invertible in L(E).
Now, by Theorem (I1.22) applied to A~'T, (I — A7'T) is not invert-
ible if and only if (I — A7!'T) is not injective. Consequently, A\ €
o(T)\{0} if and only if A # 0 and A € V,(T)\{0}.

Furthermore, by Lemma (11.4), ker(I—A~'T) is finite-dimensional. Now,
dim ker(/—A"'T") = dim ker(A\I—T), thus ker(A\]—T) is finite-dimensional.
[l
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Corollary II.4 (Fredholm Alternative). Let T' € K(E) and A € C, X\ # 0.
We consider the Fredholm equation: fory € E, find x € E such that

Ax —Tx =y. (I1.11.5)
Then, two cases are possible:

1. For every y, there ezists a unique x € E solution of (I1.11.5).

2. The homogeneous equation Ax — Tx = 0 has a nontrivial solution

x # 0.

Proof. If X ¢ V,(T), then A\l — T is injective and therefore invertible, which
implies the uniqueness of the solution to (I1.11.5). If A € V,(T"), there exists
xo € E\ {0} such that Azg — T'zo = 0. O

I1.12 Adjoint Operator in a Hilbert Space

We denote by (H, (-,-)), (Hi, (-,-)), and (Hs, (-, -)) Hilbert spaces over K = R
or C.

Theorem 11.24. Let T € L(Hy, Hs). Then, for every y € Hy, there exists
z € Hy such that
Ve € Hy, (Tx,y) = (x,z).

We denote z = T™y.

Definition I1.15. The operator T, defined from Hs into Hy by
Vo € Hy, Yy € Hy; (Tx,y) = (x,T"y),

1s called the adjoint of T.

Proof. Fix y € Hy. The mapping
o, Hi =K, 22— ¢y(x) =Tz, y)
is linear, and we have
Vo € Hy; |oy(x)| = (T, y)| < | T=(l[[yll < IT]]l=]].

Thus, ¢, is continuous. By the Riesz representation Theorem, there exists
z € Hy such that

(g, x) = (2, 2).
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Chapter II. Theory of Linear Operators

Therefore,
(Tz,y) = (x,2) = (x. T"y).

Theorem I1.25. Let T' € L(Hy, Hy). Then T* € L(Hs, Hy).

Proof. . Let 1,92 and «, 8 € K. Then, for all x € Hy,

(@, T (1 +12)) = (To, 1+ y2)
= <T377 y1> + <Tx7y2>
= <{L‘,T*y1> + <ZL‘,T*y2>.

Thus, T*(y1 +y2) = T*y1 + T*ya.
. Forall z € H, A € K,

(, T*(\y)) = (Tz,\y)

Furthermore, for all y € H,, we have

IT*y|I? = (T*y, T*y) = (T(T*(y)),y)
< N )yl < 1T @) Nyl

Thus, [ T*y]| < |T||[ly] which gives

17| < |-

On the other hand,

|Tz|* = (Tx,Tx) = (x,T*(T(y)))
< NT(T (@) ) < N[ T[T
Hence, || Tx| < ||T*||||z]|, and therefore,
17| < T

From the above two inequalities, we conclude that

171 = [T
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Proposition 11.10. Let S,T € L(Hy, Hy), uw € L(Hs,H), and \, 5 € K,
we have

(1) Ty, = I, (I, € L(Hy)).

(2) (AS + uT)* = \S* + uT™.

(3) UoT € L(Hy,H), (UoT)" =T*oU*
(4) (T7)" =T.

(5) | TT|| =TT = |[T1.

Proof. (1) For z,y € Hy, (Ix,y) = (v, I*(y)) = (v, Iy). Thus, I}; = 1.
(2) For all z,y € Ho,

(2, AS+uT) (y)) = ((AS+uT)(x),y)
MS(x),y) + (T (), y)
= (2, AS*(y) + uT*(y)) -

Thus, (AS + uT)* = A\S* + uT™*.
(3) For z,y € Ho,
(4, T(x)) = (T"(y), x) = {y, (T")"(x))
Thus, T = (T7)*.
(4) For x € Hy and y € H, we have

(#,(UeT)(y) = (UeoT(x),y)
(T'(x), U (y))
= (z,T"oU"(y)).
This implies, (U o T)* =T* o U*.

(5) On one hand,
IT*T|| < \T* T = |I7)1*.

On the other hand,

IT2|* = (T(x),T(z)) = (x,T"T(x))
[T T[],

IN
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Chapter II. Theory of Linear Operators

which implies
171 < 17 T.

In conclusion,

171> = 17*T].

Furthermore,

17T = [(T*) T = | T°|]* = IT[|*.

Theorem I1.26. /7] An operator T € L(H,, Hy) is invertible if and only if
T* is invertible. Moreover, (T*)™! = (T~1)*.

Proof. Let T' € L(Hy, Hy) be invertible. Then,

2

(T oT =(ToT ') =1Ij, =1In
and
T o (T =(T"'oT) =1Ij, = In,.

Conversely, if T* € L(Hy, Hy), then T = (T*)* € L(H;, Hy) and T is invert-
ible. [

I1.13 Spectrum of an operator

Proposition I1.11. /7] Let E be a Banach space, T € L(E), and S =

D onso T
If |T|| < 1, then the operator I —T € GL(E), and we have

(-1t =) 1"

n>0
Moreover, GL(FE) is an open subset of L(E) and the map
T (1)

is continuous on GL(E).
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Proof. Since ||T|| < 1, the series S = ) .,7™ is normally convergent, and
therefore convergent because L(FE) is complete.
Moreover,

(I-T)S=(IS-TS)=> T"=> T =1"=1
n>0 n>0
Similarly, S(I —T) = I.
We deduce that S = (I —T)~".

. Let’s show that GL(FE) is an open set in L(E).
Let Ty € GL(E). Then, if T € GL(E) we obtain,

T=Ty+T-Ty=Ty (I - (I—T;'T))
and
I =75 Tl < 1|75 I To — 711
Therefore, if | Ty — T < |75 *||7", then (I — (I — Ty 'T)) is invertible,
and 7' is invertible.
In other words,
B(Ty, |IT5 117 € GL(E).
So GL(F) is an open set in L(E).
Moreover, if T € B(Ty, | T, ||™*), then

T = (I -Ty'7) T =Y (T =T, T)"T;

n>0
Thus, we obtain
T =15 = | Z(I — Ty ')yt =T
n>0
= | Z(I — Ty ' D)"Y
n>1
< |75 Z (1 =Ty )|
n>1
SR T e —
B ‘ O NI -T, T
1To — T|IT5 ' |I? roy
1= |1 =Ty ')

This shows the continuity of the mapping 7'+ T~ on GL(E).
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Chapter II. Theory of Linear Operators

Definitions and Properties

Definition I1.16 (Resolvent set). The **resolvent set** of T is defined as
p(T) ={X € K; (M —T) is invertible} .

The elements of p(T) are called the **resolvent values** of T.

Definition I1.17 (Resolvent operator). If A € p(T), the **resolvent** is
defined as
RA(T) = (M - T,

The resolvent is often simply denoted by R).

Definition I1.18 (Spectrum). The **spectrum** o(T') is the set
o(T) =K —p(T).

The elements of o(T') are called the **spectral values™* of T

Definition I1.19 (Eigenvalues). We say that A € K is an **eigenvalue**
of T if
(M —T) is not injective.

That is, the equation Tx = \x has nontrivial solutions x € E — {0}.
In other words, the set of eigenvalues V,(T') is given by:

Vo(T) ={X €K, ker(A\] —T) # {0}}.

Remark 11.6. 1. The previous definitions remain valid even if E is not a
Banach space.

2. V,(T) Co(T).
3. The set of eigenvalues is also called the point spectrum.
4. If E is finite-dimensional,

(M —T) is invertible if and only if ker(A\] —T) = {0}.
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I1.13. Spectrum of an operator

Proposition 11.12. Let T € L(E).
1 IfIN =T, then A € p(T).
2. p(T) is a non-empty open subset of K.

3. o(T) is compact.

4 Vo(T) Co(T).

Proof. 1. If [\| > |T||, then ||£|| < 1 and (I — A7'T)) is invertible. Thus,
=T = AN =T = [T =AM
ie., e p(T).

2. From 1., p(T') is non-empty.
Let ¢ be a map from K to L(FE), defined by ¢ : A — (A —T). Then
we have

¢ (GL(E)) = p(T).
Furthermore, for all A\, u € K,

le(A) = (| = |(A = )Tl < A = pllIT]].

Thus, ¢ is continuous.

3. 0(T)=K—p(T), so o(T) is closed, and from (1), it is also bounded in
K (since K is finite-dimensional). Therefore, o(T') is compact.

4. From Remark (I1.6), V,,(T') C o(T") = o(T"), which gives V,(T") C o(T).
[

Proposition II.13 (Resolvent identity). Let T € L(E) and X\, u € p(T).
Then,

R>\ — RM = (,LL — /\)R)\RH = (M - /\)RMRA
Moreover, the map A — Ry, is differentiable on p(T), and its derivative is

given by

dR)y

AN p2
dA R}\'

61



Chapter II. Theory of Linear Operators

Proof. Let Ry = (M —T)7 1.

Ry = Ra(ul —T)R, = R\M — T+ (u— MNI|R,
= [(I+(u—AR\ R, =R, + (u—NNR\R,.

Thus,
R,\ — RM = (,u — )\)RARM
The map A — R, from p(T') to GL(E) is continuous (it is the composition
of two continuous functions, ¢ and T +—— T71).
Furthermore, for all A > 0, we have
1

N [Ratn — Ryl = —Rain Ry

Thus, the continuity of A — R, implies the differentiability and

dR)

Gt 2
dA RA.

Proposition 11.14. Let T € L(E). If \g € p(T), then

1

Do, 1R 71) = X € K5 ]A = ol < 1y
0

}Cp(T),
and for all X € D(Xg, || Ry, || ™), we have

Ry =) (—1)"RE (A= Xo)"

n>0

Proof. Let X\g € p(T). It X € D(\o, || Ry, |I7"), then
(A = o) Ry || < 1.

So, the series

S (—Raa(h = o))" € L(E).

n>0
This allows us to define the operator Sy as

Sy = Ry ) (—Ry(A = X))

n>0

= D (D" (B A= Ao)"

n>0
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In particular, we have

(Mol = T)Sx = (Ry,) 7"Sx = D (=1)"(Ra)" (A — Xo)"
So, for all A € D(X, || Ry, ||7"), we get
AL =T)Sy = (Mol —T+ (A= X))Sh
= (Ml =T)Sx+ (A= Xo)Sh
= Y (=D)"(Ra)" (A= Xo)"

n>0
_ Z(_1>n+1(R)\o)n+l()‘ _ )\O)n+1
n>0
= 1.
In the same manner, we obtain

S\(M = T) = 1.

In conclusion, D(Xg, || Ry, ||7') C p(T) and Ry = S for all A € D( Ao, || Ry 71)-
[

I1.14 Spectrum of an Operator in a Hilbert Space

Proposition I1.15. Let H be a Hilbert space and T € L(H). Then, we
have

1. ker(T) = (Im T*)*.

2. ImT = (ker T*)*.

Proof. 1.

ker(T) ¥ {xe H; Tz =0}
= {re€eH YyeH, (Tz,y)=0}
{r € H, Vy e H; (z,T"y) =0}
= (ImT%)*.

2. From 1., we have
ker(T*) = [Im(T*)*]" = (Im T)*.
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Chapter II. Theory of Linear Operators

Therefore,

(ker T*)* = [(ImT)*]" = Tm T,

thus giving the result.
m

Proposition 11.16. Let H be a Hilbert space and T € L(H). Then, we
have

1
p(T) ={NeK[Xep(T)},

o(I*)={r eK|xeo()}.

VA € p(T7), RA(T") = (Bx(T))".

Proof. Let H be a Hilbert space and T' € L(H). Then, we have
1.
p(T*) = {NeK; (A\[ —T7) is invertible}
{AeK; (M —T) is invertible}
— [\eK| XepD)},

o(T*) = (p(T) ={reK; A¢p(T)}
= {)\eK; xeo(D)}.

2. Let A € p(T™*). Then
R\(T") = (M =T)" = [ -T)]"

= [\ =1)7] = (Rx(D))",
which is the expected equality.

[]

Definition I1.20. Let H be a Hilbert space and T € L(H). Then, we have

1. We say that T is a normal operator if it commutes with its adjoint,
1.€.
T =TT".

2. We say that T is a self-adjoint operator if T = T*. (It is also called
symmetric when K =R, and Hermitian when K = C.)
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Example I1.16. Let a = (ay)n>0 € [®(K) and T, the operator defined on
H =1*(K) by
Ve = (xn)n>0 € H;  T,(2) = (an®n)n>0-
It is clear that T, € L(H), which shows that T is well-defined. Moreover,
Ve = (xn)n>0 € H;  To(x) = (@Gnxn)n>o0-
In particular, T, is self-adjoint if and only if a € [*°(R).
Remark I1.7. 1. If T is self-adjoint, then for allx € H, (Tz,x) € R.

2. If K=C, T is self-adjoint if and only if for all x € H, (Tx,z) € R.

Proposition I1.17 (Eigenvalues of self-adjoint operators). Let T' € L(H)
be a self-adjoint operator. Then,

1. V,(T) C R.
2. e Vp(T) if and only if Im(\ —T') # H.

3. If A\ p € Vo (T) with X # p, then ker(A —T') L ker(ul —1T), i.e., the
eigenspaces are pairwise orthogonal.

Proof. 1. If X € V,,(T), then there exists x € H \ {0} such that Az = T'z.

Thus,

)= (A\x, ) _ (Tz,x) cR.

] ]2
2. According to Proposition (II.15), we have
Im(A —T) = (ker(\l = T)*)" = (ker(A\ — T%)) ™.
Since V,(T') C R, we have
ANEV(T) <= XeV,(T) < ker(A\ —T*) # {0}
= |ker(\[ —T%)] # H=Tm(\ - T).

3. If x € ker(M —T') and y € ker(ul —T), then Tx = Az and Ty = py.
Since T'=T" and u € R, we obtain
A=p)z,y) = Az,y) — (2, 1)
(Tw,y) — (x,Ty)
= 0,

which implies (x,y) = 0 since A # p.
In other words, ker(A — T) L ker(ul —T).
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11.15 Exercices

Exercise 1
Let E be a normed vector space, and let T € L(E) be a compact linear
operator. We denote by I the identity operator on F.

1. For a € C, o # 0, define the subspace:
N, =ker(T —al) ={z € E; T(z) = az}.

Prove that N, is finite-dimensional using the Riesz theorem. (Recall:
Bpg compact <= dim E' < c0).

2. Let ls be the space of square-summable complex sequences. Consider
the linear operator
S l2 — lQ

defined by
S(l’) = (.131,0,1‘3,0,]35, e )

Prove that S is not compact.
Exercise 2
Let E be a vector space equipped with two norms ||.||; and ||.||2. Assume that
F is a Banach space with respect to both norms.

Show that if
1|2 < E||.]]1,

then the two norms are equivalent.

Exercise 3
Let U and V' be two Banach spaces, and let T': U — V' be a linear operator.

1. Define the norm
ullr = |[Tullv + [[ullv-

Show that (U, ||.]|z) is a normed space and a Banach space.

2. Prove that T is continuous if and only if the graph of T' is closed.
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I1.16 Solved problem

Let T : Cyg — Cyo be defined by:

i) $3 1’4
7w = (055 T )
(@) =537

where z = (z,,) € Cy, the space of sequences with finitely many nonzero
terms, equipped with the norm ||z||o = sup,cy |Zn|-

1. Show that 7" is continuous and calculate ||7T]|.
2. Show that T is bijective but 7! is not continuous.
3. What can you conclude.

Solution

1. Show that T is linear, continuous and calculate ||T’||. Firstly, it’s clear
that T is linear.

Now, we need to show that 7' is continuous and calculate its norm.

The operator T' is defined by
To I3
T(z) = ( ——>
(@) =753
The norm on Cjy is given by

HQZHOO = sup | x|
neN

We have

|17 ()] o0 =

neN nEN n

Since x € Cy, there exists an index N such that for all n > N, z,, = 0.

Thus | |
|T(x)]|oc = sup — < 'su e

neN T ne

[l
= [llco-

Thus, T is continuous, and we have ||| < 1. On the other hand, let
= (1,0,0,....) be a vector. Thus e; € Cy, |le1]|lec =1, T'(e1) = €1 and
IT(e1)]loo = 1. So,

1T} =" sup  [[T(2)[lc- = [IT(e1)lloc =1

2€C00,||z||cc=1
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68

2. Show that T'is bijective

e Injectivity of T": since T'(x) =0 =z = 0.

e Surjectivity of T indeed if y = (y1, 9, ...) € Coo-
Let w = (y1, 242, 3y3...) € Coo. Thus, T'(u) = y. Thus, T~ is defined
by T7H(y) = (nyn) for y = (yn)nen- € Coo.

e 77! is not continuous. We consider, for n € N*, the vector v, =
(1,1,...,1,0,0,...), Thus ||va]lec = 1, T (v,) = (1,2,3,...n,0,0, ...)
and [|[T7(v,)]|oe = n. Also,

sup T W) |lso- = 1T (0p)]|oe = n for all n € N*,
y€Co0,[lyllec=1

Which means that 7! is not continuous.

3. Conclusion: We have a linear, continuous, and bijective operator on
Coo, but its inverse is not continuous. We deduce, using the Banach
Isomorphism Theorem, that Cyg is not a Banach space.
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Chapter III. Fundamental theorems of functional analysis

III.1 The Baire category Theorem

Theorem III.1. /3] Let X be a complete metric space, and let (X,,)n>1 be
a sequence of closed subsets of X. Suppose that

int(X,) =0 foralln>1.

mnt ([OJ Xn) = 0.
n=1

In other words, in a complete metric space, a countable union of closed sets

with empty interior also has an empty interior.

Proof. Let O, = (X,,)¢. Then, O, is open and dense, and we need to show
that G = (),—, O, is dense in X. Let U be a nonempty open subset of X.
We will prove that U intersects G at some point x, which is the limit of a
sequence that we now define.

Step 0. Let 2y € U. Since U is open, there exists 7o > 0 such that B(xg, ) C
U, where B(xg,ro) is the open ball centered at xy with radius 7.

Step 1. Since O is dense, it intersects B(xg, 7o) at a point z7. Since O N
B(z0,70) is open, there exists 71 > 0 such that B(z1,71) C O1 N B(xg, 7). We
can choose r; such that r; < 2.

Step 2. Since O, is dense, it intersects B(x1,71) at a point z5. Since Oy N
B(x1,r1) is open, there exists 1o > 0 such that B(xq,rs) C OaN B(x1,1r1). We
can choose ry such that ry < 5.

Continuing in this way, we construct two sequences (z,) and (r,) such that

B(zpi1,7n41) € Opy1 N B(xy,r,) foral n>0

and .
Tn+1 < En

It follows that z,+, € B(zy, ), i€, d(Xpip, xn) < 1, — 0 as n — oo. This
means that (z,) is a Cauchy sequence. Since the space is complete, ()
converges to a limit z.
But since x4, € B(zy,,r,) for all n > 0 and all p > 0, by letting p — oo, we
get

x € B(xy,,r,) forall n>0.

By construction, B(x,,r,) € O, and B(zn,,) C B(xg,19) C U. Therefore,
reUNG. u
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Remark II1.1. This theorem is often used in the following form. Let X be a
complete metric space and (X,,) a sequence of closed subsets such that

G X, =X.
n=1

Then, there exists a positive integer m such that X,, # (.

II1.2 The Uniform Boundedness Principle

Theorem IIL.2. [9/[The Uniform Boundedness Principle] Let E be a Ba-
nach space, F' a normed space over the same field K, and A C B(E,F) a
non-empty set of bounded linear operators from E to F, such that

{A(z) | forall Ac A}y C F

is bounded for every x € E. Then the set A is bounded in B(E, F).

Proof. Let F,,={x € E| [|[A(z)|]| <n, Ac A}, n=1,2,....

Then, F), is a closed set in E because if {z,,} is a Cauchy sequence in F},,
thus ||z, — z||g — 0 (since F is complete).

For all A € A, we have Az,, — Az, which gives ||Az,,|| — ||Az| (the conti-

nuity of the norm).
On the other hand,

|Az|| = lim ||Az,,|| < lim n=n.
m m——+0o0

So, x € F,, and F)}, is closed.
. We now show that E = J;°, F,.

Consider xy € E and sup{||Ax¢l|, A € A} = M,.

Let ng be the first integer greater than or equal to My, for all A € A, ||Axg| <
no, i.e. xg € Fy C Uiy Fn, 80 E = Uioy Fa

Since F is a Banach space and by the Baire Category Theorem, there exists

NENsuchthatFTN#@. ]
This implies the existence of xy € FAN and B(xy, p) C Fy,so Be(zy,p) C Fy.
For w € E, with ||w| < p, we have w4+ zy € By(zy,p) C Fi.
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VAe A, |Aw)| = [[Aw+zn)— Alzy)]|
< JJA(w 4 zn)|| + [|A(zy) |
< N+ N =2N.

For x € E, we set w = p——-. Then,

T
(el

VAc A V€ E, ||A (pi) | < 2N.

]

So,

2N
VAe A, Vr e E, ||A(z)| < 7”3:\]

Hence, VA € A, || A < % and A is bounded. O

Theorem II1.3. [9] [Banach-Steinhaus theorem| Let E be a Banach space,
F' a normed space, and let { A, }, C B(E, F) be a sequence of bounded linear
operators. Suppose that {A,(z)}, C F converges to A(x) C F forallx € E,
then A : E — F is a continuous linear operator.

Proof. For all x € E, we have

A(az + fy) = lim A, (ax + By)
=alimA,(z)+ Slim A, (y)
= aA(z) + BA(y).
Thus, A is linear. Since, for all z € E, lim, ||A,(z)| = |A(x)|| implies that
|A.(z)]] € R is bounded for all n € N. That is, for all z € E, {||A,(z)||,n €
N} is bounded. By the Uniform Boundedness Principle, ||A,| is bounded

for all n € N. Therefore, ||A(z)| = lim, ||A,(z)|]] = liminf, [|4,(z)|| <
liminf, ||A,||||z]. Hence, Vo € E, [[A(z)| < K||z]|. O
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II1.3 Analytic Form of the Hahn-Banach Theo-
rem

Definition II1.1. We say that f is a convex or sublinear functional if f is
a mapping from E to K satisfying:

- fle+y) < flx) + fly) (subadditive),

. flax) = af(x) (positively homogeneous),

for all x,y and for all o > 0.

Remark II1.2. A sublinear functional f on the space E has the following

properties:
f(0) =0 and — f(~z) < f(x).
Indeed,
f(0-2)=0-f(z)
and

0= f(z+(—2)) < f(z) + f(—2),
from which we deduce that —f(—x) < f(x).

Example III.1. Let (E,||.||) be a normed space. Then, the norm ||.| is a
convez functional on E.

Lemma III.1. Let E be a linear space over R, M a proper subspace of E
(i.e., M & E), p a convex functional on E, and f € L(M,R) satisfying

f(x) < plz), Voe M.

Fiz xg € E\ M and set My = M & [xg]. Then there exists an extension
F e L(M,R) of f such that

F(z) < p(x), forallxz e M.

Proof. For my, ms € M, we have

f(ma) — f(m2) < plmq —my)

IN

p(my — xo + 29 — M2)

< p(my + xo) + p(—(xo + ma)).
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Thus,

and

C¥=7f%34(—-f0nﬁ'—IK—($04‘"Q)D SX?ZZWEEW(P0”1+'%ﬂ-—fUnﬂ)-

Let us choose v € R, such that
a<y<p
Then for all z € M, we have
(—f(2) = p(—(z0 + 2)) <7 < p(z + 20) — f(2). (I1.3.1)

If x € My = M @ [x¢], then = can be written uniquely as

r=m-+ Axg, m € M and A € R.
Now, we define the functional F': M; — R by

F(z) = f(m)+ M.

o If A =0,
F(z) = F(m+0-20) = f(m) < p(m),
so Fly = f.
o If A > 0. m
Forall z € E, let z = T then the right side of (II1.3.1) becomes
m m
v <p (X +a0) - f <X> . (I11.3.2)
By multiplying (II1.3.2) by A > 0, we get
Ay < plm+ o)
f(m) +Xxy < p(m+ o),

which implies F(z) < p(x).
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e If A < 0. From the first term in (II.3.1) and for z = %, we have

m m
> p(—2—x) = F(2). 3.
v 2 p( 3 xo) f<A> (I11.3.3)
Multiplying (I11.3.3) by A < 0, we obtain

m m
—\p <_X — :130> S (ﬂ > Ay, (I11.3.4)
which implies that F(x) < p(z).

]

Theorem II1.4. [1/[Hahn-Banach| Let E be a vector space over the field R

and M a subspace of E. Let p be a convex functional on E and f € L(E,R)
such that

f(z) <p(x) Vze M.
Then there ezists F' € L(E,R) such that

(i) Flu = f,
(11) F(x) < p(x) for all x € E.

As a consequence of the Hahn-Banach theorem, we have the following result.

Theorem II1.5. Let E be a real vector space, xg € E a fixved element, and

p: E — Ry a sublinear functional. Then, there exists f € L(E,R) such
that:

(i) flzo) = p(x0),
(ii) f(x) <p(x) forallz € E.

Proof. o If 2y =0, we take f = 0.

o Let g # 0 and M = [zo] = {\zo: A € R}.
Define fy : M — R by

fo(Azg) = Ap(zg) for all x = Azg € M.

Then, fo € L(E,R) and f(zo) = p(zo).
Now, we show (ii).
Let x € M, i.e., x = Axg. Then,
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e If A\ >0, we have
e If A <0, we have

fo(x) = fo(Azo) = Ap(o)
= —A\p(xo) = —p(—Azp)
< p(Azo).

The Hahn-Banach theorem implies the existence of f € L(E,R) such
that

flar = fo ie., f(zo) = folzo) = p(0),
f(z) <p(z) forall z e E.

]

Theorem II1.6. [9] Let E be a normed vector space, M a subspace of F,
and f a bounded linear functional on M. Then, there exists a bounded linear
extension F' of f to E such that ||F|| = || f]|-

Proof. Let (E,| - ||) be a normed vector space, M a subspace of F, and f :
M — R a bounded linear functional. Define a sublinear functional p : £ — R
by p(z) = [ f]l[}z[|. Since | f(z)] < |[f|[[|z| for all z € M, we have f(z) < p(z)
for all x € M. By Theorem IIIL.5, there exists a bounded linear extension
F: E — Rof fsuch that F'(z) < p(x) for all z € E. Since Vo € E, —F(z) =
F(—z) < p(—z) = p(z). This implies that Vo € FE; |F(z)| < p(x) and
IFI < IIf

On the other hand,

[F1 = sup [F(z)] = sup |f(x)] = [I£]

llzll<1 Izl <
ek xeM
Hence, |[F|| = [/f]- O
Example I11.2. Let X = R? equipped with the infinity norm || - ||, defined as
[(@1, 22)|| = max(|z1], |z2]).
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Consider the subspace Y = {(x1,22) € R? | 25 = 0}, which corresponds to the
first coordinate of R2. Define a linear functional f : Y — R as

f(x1,0) =3z, forall z; € R.
We can verify that f is bounded on'Y with respect to the infinity norm, since
|f (21, 0)] = [321] = 3[z1] < 3| (21, 0)]].

Thus, f is a bounded linear functional on'Y with norm || f|| = 3.
Our goal is to extend f to a functional F': X — R defined on all of X such
that F' remains linear and | F|| = 3. In other words, we seek I such that

F(z1,29) = f(21,0) =32y for all (z1,0) €Y

and
|F (21, x2)| < 3||(z1,22)||  for all (z1,22) € X.

Solution using the Hahn-Banach Theorem The Hahn-Banach Theorem
guarantees that such an extension F exists with the same norm, ||F|| = 3.

We define F' as follows
F(l’1,$2) = 3%1.

To verify that this extension satisfies the required conditions:
1. Compatibility with f: For all (z1,0) € Y, we have
F(z1,0) = 321 = f(21,0).
So F extends f on'Y.

2. Boundedness: We need to verify that |F(z1,x2)| < 3|/(z1,22)| for all
(x1,22) € X. Indeed,

|F' (21, 22)| = |32:1| < 3max(|z1], [2a]) = 3[[(1, 22)].

This shows that ||F|| < 3. Thus, F(x1,x9) = 3z is an extension of f to X
that satisfies the conditions of the Hahn-Banach Theorem. Therefore, F is

the desired functional.

As an important consequence of the Hahn-Banach Theorem, we state the
following result.

Corollary III.1. Let E be a normed space, xo € E \ {0}, and py > 0.
Then, there exists a linear and continuous functional on E such that

F(zo) = pollzoll and ||F| = po.
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Proof. Let M be the subspace spanned by g, i.e., M = [x].
We define the functional f(z) = f(Azg) = po||zo||, where x € M and A € K.
Obviously, f(zo) = fiol|zol| and

A
| f]| = sup @l sup U0 lzoll _ Ho-
xeyé]\(} [Ea| a0 Allzol

According to Theorem II1.6, there exists a unique extension F' of the functional
f such that
F(xo) = pollzoll and  [[F]| = po.

]

1I1.4 Geometric Form of the Hahn-Banach The-
orem: Separation of Convex Sets

Definition III1.2. A hyperplane is a set of the form
H={zeE: f(z)=a},

where f 1s a linear form on E, not identically zero, and o« € R. We say that
H is a hyperplane with the equation [f = a].

Proposition II1.1. [1] The hyperplane with equation [f = «| is closed if
and only if f is continuous.

Proof. 1t is clear that if f is continuous, H is closed.

Conversely, suppose that C'H, the complement of H, is open and non-empty.
Let g € C'H, and assume, for example, that f(zg) < a.

Let r > 0 such that B(xq,7) C CH. We have

f(z) <a, forall xe€ B(xg,r). (II1.4.1)

Indeed, suppose that f(x;) > « for some z; € B(zo, 7).
The line segment: [zg,21] = {z; = (1 —t)xg +tz1, t€]0,1]} C B(xg,7),
flz1) —a
thus f(z a Vt e |0,1]. Moreover, f(z;) = «, for t = ————,
f( t) % [ ] f( t) f(«rl) —f(l’(]>
which is absurd, so (II1.4.1) is proven. It follows from (III.4.1) that

flro+rz) <o, Vze B(0,1).
1
Consequently, f is continuous and || f|| < —(a — f(xg)). O]
r
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of Convex Sets

Definition II1.3. Let A C E and B C E. We say that the hyperplane with
equation [f = a] separates A and B if

flx)<a VreA and f(xr)>a VreB.

We say that the hyperplane with equation [f = o] separates A and B in the
strict sense if there exists € > 0 such that

flz)<a—e Vee A and f(x)>a+e VreB.

Theorem II1.7. [3//Geometric Form of the Hahn-Banach Theorem: Sepa-
ration of Convex Sets| Let A and B be disjoint, non-empty, convezr subsets
of a topological vector space E, with A open. Then, there exists a closed
hyperplane separating A and B.

For the proof of this theorem, we shall require the following two lemmas:

Lemma II1.2. /Gauge of a convex set/
Let C C E be an open convex set with 0 € C. For every x € E, define

p(z) =inf{a >0, a 'z € C}.

We say that p is the Gauge of C.
Then p satisfies the following properties:

1. p(tx) =tp(z) t>0 x € E.
2. plz) <1< uzeC.

5. pr+y) <plx)+ply) v,y € E.

J. 0< p(x) < Mlal|, Vo € E.

Proof. 1. Obvious.

2. Suppose first that € C. Since C is open, (1 + ¢)z € C for sufficiently
small e. Thus, p(z) < 1z < 1.
Reciprocally, if p(z) < 1, there exists 0 < a < 1 such that ™'z € C, so
r=oalaz)+(1-a)0e.

3. Let z,y € E and ¢ > 0. By (1) and (2), we have

_y
o) Te e C, so,

ZﬁECand

tx

+ 1=ty e C forall tel0,1].
p(z)+e  ply) +e
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_ pl@)te : Tty
Yin (y)+2€’ we obtain PRI IEEE eC.
an

d (2), that

In particular, for t = @
It follows, thanks to ( )

p(z+y) <p(x) +py) + 2 Ve>0,
which gives (3).

4. Let r > 0 such that B(0,7) C C.
) <

Since reip € C, we have p(z H\z||, forall z € E.

Lemma II1.3. Let C' be a non-empty open convex set, and let xqg € E with
xo & C. Then, there exists f € E' such that

f(x) < f(xo) forall xe€C.

Proof. Suppose that 0 € C and introduce the gauge of C, denoted by p.
Consider G = Rz and the linear functional g defined on G by g¢(txy) =
t forall ¢t € R. It is clear that g(x) < p(x) forall =z € G. By the
Hahn-Banach theorem, there exists a linear functional f extending g to E
such that: f(z) < p(z), forall = € E. In particular, f(zy) = 1 and f
is continuous thanks to (4). On the other hand, it follows from (2) that
f(z) <1, forall zeC. O

Proof. of Theorem (II1.7): Let C' = A— B, so that C'is a convex and open
set (note that C' = Uyep(A —y) and 0 ¢ C since AN B = ).

According to Lemma (I11.3), there exists f € E’such that f(z) < 0, for all z €
C. This means f(z) < f(y) forallz € A, y € B.

Now, fix @ € R such that sup,., f(z) < a < inf,ep f(y), and thus, the
hyperplane defined by the equation [f = ] separates A and B. ]

Theorem II1.8. /1//Banach, Second Geometric Form/| Let A C E and
B C FE be two non-empty, convex, and disjoint sets. Assume that A is
closed and B is compact. Then, there exists a closed hyperplane that strictly
separates A and B.

In other words, there exists a continuous linear functional f € E' and con-
stants a, B € R such that

flx)<a forall x€A and f(y)>p forall ye€B,

with a < f3.
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Proof. Let C = A — B. First, C is convex. Second, C' is closed. Indeed, let
¢ € C. Then, there exist two sequences (x,) and (y,) in A and B, respec-
tively, such that z,, — y, — ¢. Since B is compact, the sequence (y,) has a
subsequence that converges to some y € B. Without loss of generality, we
denote this subsequence by (y,).

Now, the sequence (z,) converges to some z := ¢ + y. Since A is closed, we
have z € A. It follows that c =2 —y € A— B = C. Third, 0 ¢ C because
AN B = @. Therefore, there exists r > 0 such that B(0,7) N C = &. By the
previous theorem, there exists f € E’ with f # 0 such that

flx—y) < f(rz), VeeA Yye B, Vze B(0,1).

(This implies that f separates rB(0,1) and C.)
This means that

flx—y) <rf(z), Vze€ Bg.
Recall that inf.cp, f(2) = —||f||. It follows that

fla—y) <r inf f(z) = —rlf], VoeA VyeB,
2€LE

Let € = 37| f|. Then
f)+e< fly)—e, VxeA VyeB.
Choosing S such that

sup f(x) +e < B < inf f(y) e,
€A yebB

we see that the hyperplane [f = f] strictly separates A and B. ]

Corollary II1.2. Let F C E be a vector subspace such that F # E. Then,
there exists f € E" with f # 0 such that

(f,x) =0, VzxeF.

Proof. Let xy € E and zy ¢ F. We apply Theorem (II1.8) with A = F and
B = {x¢}. There exists a linear functional f € E’ such that the hyperplane
with equation [f = o] strictly separates F' and {zo}. We have

(f,x) <a < {(f,xy), w€PF

Thus, it follows that (f,x) =0, forallz € F.
Since, for all x € F', we have A(f, z) < a for every A € R, (R will be bounded).
]
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Reflexivity of Closed Subspaces

’Theorem I11.9. Every closed subspace of a reflexive space is reflexive.

Proof. We recall that a Banach space X is reflexive if the map X — X** given
by x +— (z* — (2*, x)) is surjective.

Proof. We want to show that for any y** € Y**, there exists yp € Y such
that

(™, y"y = (y*,yo) forall y* € Y™
To prove this, given y**, define z** € X** by
(™, 2%) = (Y™, 27[y).
By the reflexivity of X, there exists o € X such that
(™, a"y) = (™, 2%) = (2%, 20) (1)

for any x* € X*. It remains to show that zq € Y.

Assume to the contrary that xo ¢ Y. Then apply the Hahn-Banach Theorem
(noting that Y is a closed subspace of X)) to get an zf, € X* such that z§|y =0
and (z§, zo) > 0. Substituting this xf into (1), we see that

0= <y**,517(>§|y> = <[E**,l’3> = <IE<)7:E0> >0,

which is a contradiction. Therefore, xy € Y, and the proof is complete.
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I11.5 Exercises

Exercise 1 Show that, for every xg € E, there exists fo € E’ such that

I foll = llzoll and  fo(zo) = ||zl
Exercise 2 Let (X, ||.||) be a normed space and let Xy C X be a linear subspace
of X such that Xy # X. Let 2o € X — X, be a fixed element and

d = dis(xg, Xo) = inf ||zg — y]|.
y€Xo
Show that there exists a linear functional f such that
flg=0, [fll=1, and f(zo) =d.
Exercise 3
1. Show that if B is a subset of a Banach space (say, complex) F such that

sup |¢(x)] < 400
reB

for every ¢ € E*, then B is a bounded subset of E. (Hint: Consider the
continuous linear functionals & € E** associated with elements z € B).

2. Let U = (un)n>1 be a sequence of complex numbers. Assume that for
every sequence a = (a,)p>1 such that Y7 |a,|*> < +oo, the series
S>> | a,u, converges. Show that

n=1
o0
D funl? < +oc.
n=1

(Hint: Prove that the partial sums of the series are uniformly bounded.)

Exercise 4
Let F be a vector space, and let f, g be linear functionals from F to R. Assume
that

ker f C kerg.

We want to show that g = \f.

1. Consider the map ¢ : E — R? defined by:

Prove that (0,1) ¢ Im(¢p).
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2. Separate (0,1) and Im(y) by a hyperplane in R
3. Conclude the result.

Exercise 5 Let X be a real normed vector space, and let C' C X be a closed
convex set.

1. Let (v;)ier be a family of affine functions on C' with real values, such
that
sup p;(r) < oo forallie [.

zeC
Prove that the function u = sup,; ¢; is convex.
2. Let u: C' — R be a continuous convex function.
(a) Show that the set
¢ ={(z,a) € C xR :u(x) <a}

is a closed convex subset of C' x R.

(b) Let g € C. Prove that for every r < u(zy), there exist 2* € X*
and A € R such that

x*(z) + Aa < z*(xg) + Ar for all (x,a) € C x R.
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ITI1.6 Solved problem

We aim, for 1 < p < oo, to find the dual of /7. Let x = (x,)nen be a sequence
of complex numbers such that the series

—+00
E TnYn
n=0

is convergent for every y = (Y, )nen € 7, (1 < p < 00).

1.

Ut

For an integer N > 0, compute the norm of the linear functional Uy :
P — C defined by

N
Un(y) = T, Vyerr

n=0

(Use the Minkowski inequality.)

. Deduce that x € ¢4, where 119 + % = 1. (Use the Banach-Steinhaus

Theorem.)

U is defined on ¢ by
+o0o
Uy) =Y Znln.
n=0

Find the limit of |{U — Uy|| as N — oo.

. Identify the dual of /7.

. Identify the dual of ¢!

6. Identify the dual of ¢y = {x = (x,,), : ©,, — 0} with ||z|| = sup,en+ |2n]-
Solution
1. Un(y) = Zf:f:l TnYn is a finite sum to which we can apply Holder’s

inequality (P 1.5). ¢ is associated with p by % + % = 1. Then

N YVa s N 1/p N 1/q
[Un(y)| < <Z|%'|q> (Z\yﬂp> < <Z ’leq) [yll,-
j=1 j=1 j=1

Thus, we have ||Uy|| < pn, establishing the continuity of Uy.
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86

We choose y = (y,,) such that z,y, = |z,|? for n < N and y, = 0 for
n > N. Then

N
Un()] =D laal? = p%
n=1

and

N 1/p N 1/p N 1/p
lylly = <Z|yn|p) = <Z|xn|p(q— 1)) = <Z|$n|q) = (pn)"".

Thus, we obtain that

P = Un )] < [1Unlllylly = [UNI(on)?,

which implies ||Uy|| > (pn)T%? = py, showing that ||Uy| = pn =
1/q
N
(0 faal)
2. Since the sequence x = (z,,), satisfies

+o0
Yy = W) € . |Tnyn| = M, < +o00,

n=0

we have
Vy € P VN € N, |Un(y)| < M,,

and therefore
SUp |Un(y)| < M,,.

By the Banach-Steinhaus Theorem (P 2.13), supy ||Un|| < oo, which

implies /
+00 /a
<Z ]xn]q> < 00,
n=1

and thus z € ¢4,

3. We have
—+o00
(U =Un®)= D Tuya
n=N-+1
400 l/q “+o00 l/p
< ( 3 w) (z |yn|p)
n=N+1 n=N-+1
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+00 1/q
< ( > Ixnlq> Yl

n=N+1

Thus, |U — Ux|| < (X% ]xn]q)l/q — 0, as the remainder of a con-

vergent series. Moreover, |U|| = ||(zn)nq-

. Let f € (/7)* be a continuous linear form, and (e,), the "canonical

basis" of ¢#. Then, for z = (z,), € /*, we have
r = anen and thus f(z) = anf(en).

Let f, = f(en). The sequence ¢ = (f,), satisfies

V(zp)n € P, Z | fr] < 00.

From (2), ¢ € £4. And from (3), [[f] = [[(fa)nlly = lllly-

Let ¢ : ((P)* — (7 be defined by ¢(f) = (fn)n = ¢. The map ¢ is linear,
and we have

le(Hllg = I(Frlnlly = IIFII

It follows that ¢ is an isometry, and in particular, it is continuous and
injective. For thesurjectivity, let y = (y,), € ¢4. Define

flz) = anyn, = (x,), € 7.

Then f is well-defined, linear, continuous, and we have f,, = f(e,) = Yy,
hence So(f) = (yn)n =Y.

Finally, (¢7)* is isometrically isomorphic to 9. Thus: 1 < p < 0 =
(eP)y™ = (¢7)* = ¢?. We then say that ¢* is reflexive.

. Let f € ({Y* and f, = f(e,), where (e,), is the canonical basis of (.

For all integers n > 1, we have

[l < ALfHlenlls = [1£1]

Thus, (fa)n € € and [|(fa)nlloo < || f]]-
If z = (z,), € (' is arbitrary, then

f($) = f <Z xnen> = anf(en) = anfn
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Therefore,

[F @) < N (Fnllsollzlly and (I < [1(fa)nlloo-

The map ¢ : (£1)* — ¢ defined by ¢(f) = (fn)n is well-defined, linear,
and

(Pl = [[(fr)nlloo = IF1I-

Thus, ¢ is an isometry, and therefore it is continuous and injective.

Now let y = (yn)n € €>°. Define f by
f(CC) = anym T = (J7n)n - fl.

Then f is linear and also continuous, because

@] <D yallzal < llyllcllz]lr.

Thus, f € (/1)* and ¢(f) = y, which shows that ¢ is surjective.

Finally, we have shown that (¢')* is isometrically isomorphic to £°°,
written as (£1)* = (.

. Consider the space cg = {(x,), € £>°;x, — 0} equipped with the norm

I |, and let f € (co)*. Define f,, = f(en), where (e,), is the "canonical
basis" of ¢. Define the elements (V) of ¢y by

2N — \?EZ:% if n < N and f(e,) # 0,
! 0 otherwise.
Then,
Y - fen)
; Fen)| = ;f(en) Lﬂen)']
N
_ f(en)
-1 (3 )
= f@™) < 2™l = [1£1.

Thus, (fu)n € €' and [|(fa)ulls < [If1]

For z = (x,), € co,

f($) = f <Z xnen> = anf(en) = anfn
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Therefore,

[f(@)] < lzllocll (fn)nlly  and hence [|f[} < [[(fn)nlls-

Finally, [|f]| = [|(fu)nll-

The map ¢ : (co)* — £}, defined by o(f) = (fn)n, is well-defined, linear,
and

le(HIl = [[(Fanll = A1

Thus, it is an isometry, and therefore continuous and injective.

Now let y = (yy), € (. Define

f:CO%C by f($)zzxnyn7 IE:(QTn)nECO.

Then f is linear and continuous because

@< lynllzn] < llzlloollyls.

Thus, f € (co)* and ¢(f) = y, which shows that ¢ is surjective.

Finally, we have shown that (cg)* is isometrically isomorphic to ¢!, writ-
ten as:

(C[))* = gl'
Remark II1.3. (a) We have (' C co C €, (£1)* =, and (co)* = (1.
(b) € C (€>)*, but ({°)* # (' (See Ch. III, Ex. II1.2).

(¢c) cy and €' are separable (i.e., they contain a countable dense subset), but
(> is not separable.
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IV.1. The smallest topology making continuous a collection of
maps

IV.1 The smallest topology making continuous
a collection of maps

Let X be a set, and let (Y;),.; be a family of topological spaces. For each
1 € I, suppose we are given a map
p;: X — Y.

Question: Is it possible to equip X with a topology that makes all the maps
(¢i);e; continuous?
Answer: Yes, it is possible. We can define the topology

r:{ U Nt

arbitrary finite

W; is open in Y;-}.

This topology is the coarsest (or weakest) topology on X that makes each ¢;
continuous.

Given a point x € X, a neighborhood basis at = in the topology 7 can be
constructed by taking sets of the form

() (V)
finite

where V; is a neighborhood of ¢;(z) in Y;.

Proposition IV.1. [1] Let xz,, be a sequence in X. Then

T, —> = if and only if i(z,) — pi(z) Vi€l

Proof. 1f x,, — x then p;(z,) — ¢;(x) for all i € I.
Conversely, let U be a neighborhood of x in X. According to the previous
argument, there exists a neighborhood

reW= () ¢'V)cy,

i€J (finite)

where each V; is a neighborhood of ¢;(x) for all i € J.
Thus, for each ¢ € J, there exists an integer N; such that

vi(r,) €V, foralln> N
Let N = max;c; N;. Then,

vYn >N, x, €U, ie., x,— x forthe topology 7.
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Chapter IV. Different types of convergence

Proposition IV.2. [1] Let Z be a topological space, and let ¢ be a map
from Z to X. Then, v is continuous if and only if p; 01 is continuous from
Z toY; for each i € 1.

Proof. 1f ¢ is continuous, then ¢; o 1 is also continuous for each ¢ € I.
Conversely, let U be an open set in X, and let us show that ¢~(U) is open
in Z. We know that U is of the form

U ﬂ gp w;), w; open in Y;.

arbitrary finite

Thus,
1
= U Neteewr=U [iew) ™ w).
arbitrary finite arbitrary finite
This is open in Z because each map ¢; o ¢ is continuous. O

IV.2 Definition and Elementary Properties of
the Weak Topology o(E, E')
Let E be a Banach space and let f € E'. We denote by ¢y : E — R the

map defined by ¢¢(z) = (f, z).
When f varies over E’, we obtain a family (¢y) fer of maps from F to R.

Definition IV.1. The weak topology o(E, E") on E is the coarsest topology
that makes all the maps (¢y) ;e continuous. (In the sense of Section I with
X=E, R=Y,andl =F').

Proposition IV.3. [1] The weak topology o(E, E') is Hausdorff.

Proof. Let x1 and xo € X with x;y # z5. We aim to construct open sets
O; and Oy in the weak topology o(F, E’) such that z; € Oy, x5 € Oy, and
01 N 02 — @

According to Hahn-Banach Theorem, second geometric form, there exists f €
E’ and a € R such that

<f,l’1> <a< <fal‘2>'

We define
Or={zeFE, (fx) <a}=f"(-00,0q)
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IV.2. Definition and Elementary Properties of the Weak Topology
o(E,E)

and

Oy ={r € E, (fr)>a}=f"(a,+0).
[

Proposition IV.4. Let xy, we obtain a neighborhood base of xo for the weak
topology o(E, E") by considering all sets of the form

V={x€FE, [(fiyx—xy)| <e, Viel},

where I is finite and f; € E'.

Proof.

V = {zel, [(fijx—xy)|<e, Viel}
= N {z€F, —c+a; < f(z;) <e+a;}

1 finite
= N ot (l—etanetal).

4 finite

Thus, V' is an open set for the weak topology o(FE, E') and contains .

Conversely, let U be a neighborhood containing xq for the weak topology
o(E,E"). We know that there exists a neighborhood W of zq, W C U,
of the form W = iﬁ(r?itego;il(wi), w; is a neighborhood of (f;, zg) = a; in R.
Thus, there exists ¢ > 0 such that |a; — &,a; + €[C w;, Vi finite. Hence,
gp/?il (lJa; —e,a; +€]) C go;il(wi), le., xy € iﬁrr?itegoﬁl (lJa; —e,a; +¢]) C W C

U. ]

Proposition IV.5. Let x, be a sequence in E. We have
(i) x, 7z for o(E,E") < (f,x,) — (f,x), VfeF.
(ii) If z, — T strongly, then x, —~z weakly for o(E, E").
(111) If x, . for o(E,E"), then ||z, is bounded and ||z|| < liminf ||z,]|.

(w) If &, — x for o(E,E') and f, — f strongly in E' (i.e. ||fn— f|| —
0), then (fn,x,) — (f,x).

Proof. (i) It follows from Proposition IV.1 and the definition of the weak
topology o(E, E').
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Chapter IV. Different types of convergence

(i) Tt follows from (i) since
[(fszn) = {f, 2)| < ([ fllllan — |-
(#1) {(f,zn)} converges for each f € E’. Thus, for all f € F’,
{F,,(f), n e N} = {{f,z,), n € N} is bounded in R.
This gives, according to Banach-Steinhaus Theorem, that
| E:, || = |lzn|l  is bounded.
Now, for f € E’, we have

[{Fs zn)| < A FIlf]2]]

and in the limit,
[(f, )| < (1 lim inf [, .

Consequently,
||| < liminf ||z,||.

IV.3 The weak* topology o(E', F)

Let E be a Banach space and E’ its dual (equipped with the dual norm
£l = supep, jzy<1 [{f,2)]); and let E” be its bidual, i.e., the dual of E’,

equipped with the norm [|]| = sup ez Il &, .

On the space E’, we can define two types of convergence:
(a) The strong topology (associated with the norm).
(b) The weak topology o(E', E").

Now, we define a third topology on E’, the *-topology, denoted o(E’, F).
For each « € E, consider the map ¢, : E' — R defined by ¢, (f) = (f,x).

As x varies over E, we obtain a family of maps (¢;),.p from E’ to R.

Definition IV.2. The weak topology %, also denoted by o(E', E), is the
coarsest topology that makes the family of maps (pg),cp continuous.
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IV.3. The weak* topology o(F', E)

Since £ C E”, it is clear that the topology o(E’, E) is coarser than the
topology o(E’, E"). In other words, o(E’, ) has fewer open (resp. closed)
sets than the topology o(E’, E”), which in turn has fewer open (resp. closed)
sets than the strong topology.

Proposition IV.6. The weak topology *, also denoted o(E', E), is sepa-
rated.

Proof. Let f; and f5 be elements of E' with f; # f5, so there exists an x € E
such that (f1,x) # (f2,x). We introduce « such that

(fi,z) <a<(fs,)

and define
O,={fel, (fr)<a} =y, (] -00,qa]).

Oy ={f€F, (fx) > a} = ;" (Ja, +o0]).

O, and O, are open sets for the weak topology o(E', E), satisfying f, €
Ol, fQEOQ, and 01ﬂ02:®. ]

Proposition IV.7. We obtain a neighborhood base of fo € E' for the topol-
ogy o(E', E) by considering all sets of the form

V:{fGE,, |<f—f07l‘z>| < ¢g, \V/ZGI},

where I s finite, x; € E, and € > 0.

Proof.

V = {fEEla ’<f_f0>$l>| <g, VZEI}

= N {feF, —+ folz;) < filx) <e+ folz;)}

4 finie

Thus, V' is an open set for the weak topology o(E’, E) and contains f.

Conversely, let U be a neighborhood that contains f, for the weak topology
o(E', E). We know that there exists a neighborhood W of f,, W C U, of the
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form W = o ¢ (w;), w;is a neighborhood of (fy,z;) = a; in R. Thus,

there exists ¢ > 0 such that |fy(z;) — ¢, fo(x;) + €] C w;, for all ¢ finite.
Therefore, v, (| fo(i) — &, fo(xi) + ) C @, (wi), ie.

Jo € ifgﬁe%_il (Jfo(zi) — &, fo(w:) +e]) CW CU.
]

Notation: Given a sequence (f,), in £, we denote by f, — f the conver-
gence of f,, to f for the topology o(E’, E).

To avoid confusion, we will often specify f, — f for o(E', E), f, — f for
o(E" E"), and f, — f strongly.

Proposition IV.8. Let (f,), be a sequence in E'. We have the following
(i) fo = f for o(E',E) <= (fu,2) — (f,x), Yxe€kE.
(ii) If f, — [ strongly, then f, — f weakly for o(E', E"). If f, — f
weakly 7‘07” o(E',E"), then f, = f for o(E', E).
(iii) If f,, = f for o(E', E), then ||f,| is bounded and || f|| < liminf || £,]|.
(iv) If fo = f for o(E', E) and if x,, —T strongly in E (i.e. ||z, —x|| —

0), then (fn,x,) — (f,z).

n

Proof. (i) It follows from Proposition IV.1 and the definition of the weak*
topology o(F', E).

(1) fo — [ since [(F} fu) = (F, )] < [Fl[fa = fIl for all F € E”. in par-
ticular, f,(z) — f(z) forall z € E which means that f, = f for
o(E'E).

(iii) {(fn,x)} converges for each z € E. Thus, for all f € F’,
{{(fn,x), n € N} is bounded in R.
This gives, according to Banach-Steinhaus Theorem, that
| /]l is bounded.

Now, for x € E, we have

[{Frs )| < 1 Fnl
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and in the limit,

[(fy )| <l T inf [ £, ]

Consequently,
[/ < Timinf [ £, |-

(iV) By the triangle inequality,

[fu(@n) = fu(@)] < |fu@n) = (@) + [fu(z) = f(2)]
< Al fallllen = zll + | fulz) = f(2)]

—0

I1V.4 Exercises

Exercise 01: Let E be a normed space and let C' C E be a convex subset.
(a) Show that C' is weakly closed if and only if it is strongly closed.

(b) Show that the weak closure of C' is equal to the strong closure of C.

Exercise 02: Let E and F' be two normed spaces, T a continuous linear oper-
ator from E into F', and (z,) a sequence in E.

(a) Show that if z,, — = (weak convergence), then T'(z,) — T'(z) (weak
convergence).

(b) Furthermore, if T' is compact, then T'(x,,) — T'(z) (strong convergence).

Exercise 03: Let E and F' be two Banach spaces and let T": £ — F be a
linear operator.

(a) Show that the following conditions are equivalent:
(i) T : (E,|| -|) = (F,|| - |]) is continuous (T is continuous strong-

strong).

(ii) T : (E,o(E,E*)) — (F,0(F,F")) is continuous (T is continuous
weak-weak).

(iii) T: (E,||-]]) = (F,o(F, F*)) is continuous (T is continuous strong-
weak).
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(b) Show that the following two conditions are equivalent:

(iv) T: (E,o(E,E*)) — (F,]| -||) is continuous (T is continuous weak-
strong).

(v) T is continuous strong-strong and T'(F) is finite-dimensional (T is
a finite rank bounded linear operator).
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IV.5 Solved problem

Let E = C([0,1]) be the space of continuous real-valued functions on the
interval [0, 1], equipped with the supremum norm ||u(|sc = supg<;<; [u(t)|.

(a) Define, for each ¢t € [0, 1], the functional €;(u) = u(t). Show that ¢, € E*,
where E* is the dual space of E, and compute the norm ||¢||.

(b) Show that if a sequence (u,) converges weakly to u in F, then it also
converges pointwise to u.

(c) Demonstrate that the converse does not hold by considering the sequence
un(t) = n?t(1 — t)". Specifically, show that this sequence converges
pointwise but not weakly.

(d) Analyze the pointwise convergence of the sequence (v,,) defined by
—nt+1 ifo<t <y,
w)=q " T
Show the pointwise behavior of v,.
(e) Deduce from the previous results that the space C([0, 1]) is not reflexive.

(f) Using similar reasoning, deduce that L>°([0, 1]) is also not reflexive.

Solution

(a) It is clear that € is linear. Next, observe that

e ()] < Jlulloo

It follows that €; is bounded and ||| < 1. Now, if v is the constant
function equal to 1, then ||v||ooc = 1 and ¢(v) = 1. Therefore,

leell = sup [e(w)] = |er(v)] = 1.

llulloo=1
Thus, ||&] = 1.
(b) Let t € [0,1]. If (u,) converges weakly to u, then f(u,) — f(u) for all

f € E*. In particular,
et(un) — Et(U).

This implies that w,(t) — u(t) in R. Since ¢ was arbitrary, this shows
that (u,) converges pointwise to u.
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(c) A study of the variation of w,, shows that

1 2 1 "
lnlloo =t [ —— ) = (1— .
n+1 n+1 n—+1

Therefore, (u,) is unbounded and cannot converge weakly.

so v,(0) — 1. If ¢t > 0, choose ny > % For n > ng, we have t

>
so v,(t) = 0. Therefore, v,(t) — 0 as n — oo. It follows that (v,)
converges pointwise to the discontinuous function v defined by

U(t):{1 if t =0,

(d) Draw the graph of v, for some n. Let ¢ € [0,1]. If ¢ = 0, then v,(0) = 1,
1

0 ifo<t<1.

(e) Suppose that C|0, 1] is reflexive. Note that ||v,| = 1, so (v,) is bounded.
Eberlein ~Smulyan Theorem, there exists a subsequence (v, ) that con-
verges weakly to some w € C|0, 1]. By (b), (v,,) converges pointwise to
w. By (d), (vy,,) converges pointwise to v. Therefore, w = v. This is a
contradiction because w is continuous and v is not.

(f) We know that C10,1] is complete. Therefore, it is closed in L*°([0, 1]).
If L>°(]0, 1]) were reflexive, then C[0, 1] would also be reflexive, which is
a contradiction.
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